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A SPIEGELUNGSSATZ FOR FUNCTION FIELD L-SERIES
BRUNO ANGLE`S AND FLORIC TAVARES RIBEIRO
Abstract. We prove a kind of reflection principle for certain non-archimedean
L-series in positive characteristic. We also prove the pseudo-cyclicity and
pseudo-nullity of certain several variable generalizations of the class modules
introduced by L. Taelman in 2010.
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1. Introduction
The existence of a functional equation for David Goss L-series (see [13], chapter
8 and [16]) is an open problem in the arithmetic theory of function fields over finite
fields. A hint that such a functional identity should exist can be found for example
in the statement of the Spiegelungssatz for the Carlitz module (see [9]) that asserts
Date: february, 2, 2015.
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that Taelman’s class module (see [29], [31]) and some isotypic components of the p-
Sylow subgroup of the Fq- rational points of some jacobians attached to the Carlitz
module (Fq being a finite field of characteristic p and having q elements) are related
by a kind of reflection principle similar to the classical Spiegelungssatz of Leopoldt
([21]). Indeed, since the work of L. Taelman (see [30]), it is known that the ”size”
of Taelman’s class modules are related to the values at one of David Goss L-series
(see also [6], [8], [10], [11]), and, by the results of D. Goss and W. Sinnott ([17]),
the non-triviality of the isotypic components of the p-Sylow subgroup of the Fq-
rational points of some jacobians attached to the Carlitz module is connected to
the values of the Carlitz-Goss zeta function at negative integers (see also [3]). In
this article we show that there exists a kind of reflection principle for certain v-adic
L-series attached to K := Fq(θ), θ being an indeterminate over the finite field Fq,
v being any place of K.
Let s ≥ 0 be an integer and let t1, . . . , ts, z be s+1 indeterminates over K. Let’s
consider the following power series:
L(t1, . . . , ts; z) =
∑
k≥0
∑
a∈A+,k
a(t1) · · · a(ts)
a
zk ∈ K(t1, . . . , ts)[[z]],
where A+,k denotes the monic elements in A := Fq[θ] of degree k. Note that:
L(t1, . . . , ts; z) =
∏
P prime of A
(1− P (t1) · · ·P (ts)z
degθP
P
)−1,
where by a prime of A we mean a monic irreducible polynomial in A. We observe
that L(t1, . . . , ts; z) is of adelic nature, indeed L(t1, . . . , ts; z) defines an ∞-adic
s + 1-variable entire function ([4], Proposition 6), and for every prime P of A, by
Theorem 1, (1 − P (t1)···P (ts)zdegθPP )L(t1, · · · , ts; z) defines a P -adic s + 1-variable
entire function. Our aim in this paper is to study this adelic L-series at z = 1 or
its derivative (with respect to z) at z = 1 in the case of a trivial zero at z = 1.
We first recall the case of the place ∞ and s = 1. Set t = t1 and let C∞ be the
completion of a fixed algebraic closure of K∞ := Fq((
1
θ )). F. Pellarin has introduced
in [24] the following entire function on C∞ :
L(t) =
∑
k≥0
∑
a∈A+,k
a(t)
a
= L(t; z) | z = 1.
This function interpolates the values at 1 of some abelian L-series introduced by
David Goss (see [13], chapter 8) :
∀ζ ∈ Fq, L(t) |t=ζ= L(1, χ) :=
∑
a∈A+
χ(a)
a
∈ C×∞,
where χ is a certain Dirichlet character attached to ζ and where Fq is the algebraic
closure of Fq in C∞. The function L(t) and its s-variable generalization play an
important role in the arithmetic theory of function fields over finite fields (see [4],
[5], [6], [14], [25], [26], [27]). Let’s observe that L(t) ∈ T, where T is the Tate
algebra in the variable t with coefficients in C∞. Now let us fix a q − 1th root of
−θ in C∞ : q−1
√−θ, and let ω(t) be the Anderson-Thakur special function (see
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[2], proof of Lemma 2.5.4), i. e. :
ω(t) =q−1
√−θ
∏
j≥0
(1 − t
θqj
)−1 ∈ T×.
Let τ : T → T be the continuous morphism of Fq[t]-algebras such that ∀x ∈
C∞, τ(x) = x
q. We then have the following remarkable formula obtained by F.
Pellarin in [24]:
L(t)ω(t) = logC(ω(t)) =
π˜
θ − t ,(1)
where logC = 1+
∑
j≥1
1∏j−1
k=0(θ−θ
qk )
τ j , and π˜ =q−1
√−θθ∏j≥1(1−θ1−qj )−1 ∈ C×∞
is the period of the Carlitz module. Our first goal in this article is to generalize
the above formula to the case of s-variable v-adic L-series where v is any place of
K and s ≥ 1 is any integer.
In this introduction, we will only discuss about the Spiegelungssatz for L-series
in the case of a prime P of A of degree d ≥ 1 and s = 1, we refer the reader to
sections 6 and 7 of this work for the general cases. Our idea is to compare two
kinds of P -adic L-series : one that comes from P -adic Lubin-Tate theory and the
other that comes from P -adic Carlitz theory (the prime P is ”viewed” as an infinite
place as it will be explained below).
Let’s discuss first the case of P -adic Lubin-Tate theory. Let KP be the P -adic
completion of K, and let CP be the completion of a fixed algebraic closure of KP .
Let vP : CP → Q∪{+∞} be the valuation on CP normalized such that vP (P ) = 1.
Let t be an indeterminate over CP . We recall that (1 − P (t)z
d
P )L(t; z) defines an
entire function on C2P . This P -adic function has a trivial zero at z = 1 (Proposition
3). Therefore, we set:
LP (t) =
∑
k≥1
∑
a∈A+,k,a 6≡0 (mod P )
k
a(t)
a
=
d
dz
(1− P (t)z
d
P
)L(t; z) |z=1 .
Let A be the completion of CP [t, 1P (t) ] for the Gauss P -adic valuation on CP [t, 1P (t) ]
still denoted by vP (see section 1). Observe that LP (t) ∈ A. Let τ : A → A be
the continuous morphism of Fq[t,
1
P (t) ]-algebras such that ∀x ∈ CP , τ(x) = xq. In
section 5, we construct an analogue of Anderson-Thakur’s function in this case, it
is an element ωP (t) ∈ A that satisfies:
τ(ωP (t)) = (
t− θ
t− ζP )ωP (t),
where ζP ∈ Fqd ⊂ CP is such that vP (θ− ζP ) > 0. Furthermore, ωP (t) interpolates
P -adically the Gauss-Thakur sums (Theorem 4). Let C† : A → A{τ} be the
morphism of Fq-algebras such that:
C†θ = (t− ζP )τ + θ.
Then one can associate to C† a logarithm logC† ∈ A{{τ}}, i.e. this is the unique
element in A{{τ}} such that logC† ≡ 1 (mod τ) and :
logC†C
†
θ = θlogC† .
Let A0 = {x ∈ A, vP (x) ≥ 0} and A00 = {x ∈ A, vP (x) > 0}. One can easily
show that logC† converges on A00, and using similar arguments than that used by
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Iwasawa for the classical p-adic logarithm, we can extend logC† into a continuous
morphism of Fq[t,
1
P (t) ]-modules : logC†,P : A0 → A. We have:
logC†,P (ωP (t)) = 0.
The function ωP (t) plays the same role for LP (t) as that of ω(t) for L(t). Let
C : A → A{τ} be the Carlitz module, i.e. C is a morphism of Fq-algebras such
that Cθ = τ + θ. Write:
CP =
d∑
k=0
(P, k)τk,
where (P, k) ∈ A, k = 0, . . . , d. Then we have an analogous formula as that of
formula (1) (see the proof of Theorem 5):
LP (t)ωP (t) =
1
P
logC†,P (
d∑
k=1
k(P, k)bk(t)ωP (t)),
where b0(t) = 1 and for j ≥ 1 : bj(t) =
∏j−1
k=0(t− θq
k
).
Now, let’s focus on the P -adic Carlitz theory for L-series. We notice that vP (θ −
ζP ) = 1. Thus let’s work with θ − ζP instead of P. Let’s view θ − ζP as an infinite
prime of Fqd(θ). Let’s consider a ”twist” of Pellarin’s L-series with respect to this
infinite prime:
∑
k≥0
∑
a∈F
qd
[ 1
θ−ζP
]+,k
a( 1t−ζP )
a( 1θ−ζP )
∈ A.
Let’s take its ”norm over Fq”:
LP (t) =
d−1∏
j=0
τ j(
∑
k≥0
∑
a∈F
qd
[θ]+,k
a( 1t−ζP )
a( 1θ−ζP )
) ∈ A.
Then LP (t) is convergent on CP \ {ζP , . . . , ζq
d−1
P }. One can show that ωP (t) plays
again an important role for LP (t) (see the proof of Theorem 5):
LP (t)ωP (t)
πP
=
P (t)
bd(t)
,
where πP =
∏d−1
i=0
∏
j≥1(1 − (θ − ζP )q
dj+i−qi)−1. Therefore, if we combine the
formulas for LP (t) and LP (t), we get a Spiegelungssatz for these P -adic L-series
(Theorem 5):
bd(t)LP (t)
πP
(
1
P
logC†,P (
d∑
k=1
k(P, k)bk(t)ωP (t))) = P (t)LP (t),
the above equality taking place in the P -adic affinoid algebra A.
A large part of this work grew out of an attempt to prove the non-vanishing at one
of certain v-adic L-series (Theorem 2) without using Vincent Bosser’s v-adic Baker-
Brumer Theorem (see [8]). In order to do so, one of the main ingredients is to obtain
explicit formulas for these v-adic values (Theorem 3). The Spiegelungssatz for L-
series can be viewed as a reinterpretation of such explicit formulas in certain v-adic
affinoid algebras. The ”Anderson-Stark units” (see [6], [7]) and their derivatives
play a key role in this article. Let τ = K(t1, . . . , ts)[[z]]→ K(t1, . . . , ts)[[z]] be the
continuous morphism (for the z-adic topology) of Fq(t1, . . . , ts)[[z]]-algebras given
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by τ(x) = xq for all x ∈ K. Then there exists u(t1, . . . , ts; z) ∈ A[t1, . . . , ts, z] such
that ([6], Corollary 5.12):
exps,z(L(t1, . . . , ts; z)) = u(t1, . . . , ts; z),
where exps,z = 1 +
∑
j≥1
zj
∏s
i=1
∏j−1
k=0
(ti−θ
qk )∏j
k=1
(θqj−θqj−k )
τ j . Then u(t1, . . . , ts; z) |z=1 or its
derivative (with respect to z) at z = 1 in the case s ≡ 1 (mod q − 1) play a
role analogous to that of Stark units, i.e. the special values of the v-adic L-series
considered in this paper can be written as linear combinations of v-adic logarithms
of some elements attached to these Anderson-Stark units and their derivatives (see
for example Theorem 3). In the last section of this work, using some properties of
Anderson-Stark units and their derivatives, we give some new results on ”generic
class modules”.
In order to explain and motivate the content of the last section of this work, we
first recall some facts from classical cyclotomic theory (we refer the reader to [33],
chapters 13 and 15). Let p ≥ 3 be an odd prime number and let ∆ = Gal(Q(µp)/Q).
Let M be the projective limit for the norm map of the p-Sylow subgroups of the
ideal class groups along the cyclotomic Zp-extension of Q(µp) : Q(µp∞). Let Γ =
Gal(Q(µp∞)/Q(µp)), and let γ ∈ Γ such that:
∀ζ ∈ µp∞ , γ(ζ) = ζ1+p.
We can identify Zp[[Γ]] with Zp[[T ]] by sending γ to 1 + T. Therefore M is a
Zp[[T ]][∆]-module. Let χ ∈ ∆̂ := Hom(∆,Z×p ), and let eχ = 1p−1
∑
δ∈∆ χ(δ)δ
−1 ∈
Zp[∆]. For χ ∈ ∆̂, we set:
Mχ = eχM.
ThenMχ is a finitely generated and torsion Zp[[T ]]-module. If χ is odd distinct from
the Teichmu¨ller character : ωp, B. Mazur and A. Wiles proved that the characteris-
tic ideal of the Zp[[T ]]-module Mχ is generated by some polynomial Pχ(T ) ∈ Zp[T ]
such that there exists Uχ(T ) ∈ Zp[[T ]]× with the property ([22]):
∀y ∈ Zp, Pχ((1 + p)y − 1)Uχ((1 + p)y − 1) = Lp(y, ωpχ−1),
where Lp(., ωpχ
−1) is the p-adic L-function attached to the even character ωpχ
−1.
Observe that if Vandiver’s Conjecture is true for the prime p, then for χ odd, Mχ
is a cyclic Zp[[T ]]-module of for χ even: Mχ = {0}. R. Greenberg has conjectured
weaker statements (see [18]):
Pseudo-cyclicity Conjecture: If χ is odd then there exists an injective morphism of
Zp[[T ]]-modules between a cyclic Zp[[T ]]-module and Mχ such that the cokernel of
this morphism is finite;
Pseudo-nullity Conjecture: If χ is even then Mχ is finite.
These two conjectures are open.
Now, we turn ourselves to the function field case. Let s ≥ 1 be an integer and let
t1, . . . , ts be s variables over K∞. Let Ts(K∞) be the Tate algebra in the variables
t1, . . . , ts with coefficients in K∞. Let τ : Ts(K∞) → Ts(K∞) be the continuous
morphism of Fq[t1, . . . , ts]-algebras such that ∀x ∈ K∞, τ(x) = xq. Let φ : A →
A[t1, . . . , ts]{τ} be the morphism of Fq-algebras such that:
φθ = (t1 − θ) · · · (ts − θ)τ + θ.
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Let expφ be the exponential function attached to φ, i.e. expφ is the unique element
in Ts(K∞){{τ}} such that expφ ≡ 1 (mod τ) and:
expφ θ = φθ expφ .
Then inspired by Taelman’s work ([29], [30], [31]), one can introduce a ”generic
class module” of level s (see [6]):
Hs :=
Ts(K∞)
A[t1, . . . , ts] + expφ(Ts(K∞))
.
Observe that Hs is an A[t1, . . . , ts]-module via φ, furthermore it is a finitely gen-
erated Fq[t1, . . . , ts]-module and a torsion A[t1, . . . , ts]-module (we refer the reader
to section 8 for more details). The terminology ”generic class module” comes from
the fact that the evaluations of elements of Ts(K∞) on elements of Fq
s
(Fq being
the algebraic closure of Fq in C∞) induce surjective morphisms from Hs to certain
isotypic components of Taelman’s class modules. These generic class modules can
be viewed as discrete analogues of the Iwasawa modules discussed above, having
in mind that the role of Zp is played by Fq[t1, . . . , ts], the role of T is played by
φθ. For example Mazur-Wiles Theorem has an analogue in this situation, let s ≥ q,
s ≡ 1 (mod q−1) (this is the analogue of the condition χ odd, χ 6= ωp, for Iwasawa
modules), then there exists B(t1, . . . , ts) ∈ A[t1, . . . , ts] which is a monic polyno-
mial in θ, such that the Fitting ideal of the A[t1, . . . , ts]-module Hs is generated by
B(t1, . . . , ts) and ([6], Theorem 7.7):
(− 1) s−1q−1B(t1, . . . , ts) π˜
ω(t1) · · ·ω(ts) = L(t1, . . . , ts),
where L(t1, . . . , ts) = L(t1, . . . , ts; z) |z=1∈ Ts(K∞). The reader can now easily
guess what are the discrete analogues of Greenberg ’s Conjectures in our situation.
We prove these analogues in section 8:
Pseudo-cyclicity: let s ≥ 2, s ≡ 1 (mod q − 1), there exists an injective morphism
of A[t1, . . . , ts]-modules between a cyclic A[t1, . . . , ts]-module and Hs such that the
cokernel of this morphism is a finitely generated and torsion Fq[t1, . . . , ts]-module
(Corollary 4);
Pseudo-nullity: let s ≥ 2, s 6≡ 1 (mod q − 1), then Hs is a finitely generated and
torsion Fq[t1, . . . , ts]-modules (Proposition 8 and Theorem 8).
These latter two results have interesting consequences on the behaviour of the
isotypic components of Taelman’s class modules for the Carlitz module. More
precisely, let s ≥ 2 be an integer, let χ be a Dirichlet character of type s and
conductor f (see section 1). There exist ζ1(χ), . . . , ζs(χ) ∈ Fq such that:
σ(g(χ)) = (ζ1(χ)− θ) · · · (ζs(χ)− θ)g(χ),
where g(χ) is the Gauss-Thakur sum associated to χ, σ = τ ⊗ 1 on Of ⊗Fq
Fq(ζ1(χ), . . . , ζs(χ)), where Of is the ring of integers of the fth cyclotomic function
field. Let expC be the Carlitz exponential (see [13], chapter 3), and let’s consider
the χ-isotypic component of Taelman’s class module (see [6] section 9.3, [8] and
[29]) :
Hχ := eχ(
Frac(Of )⊗K K∞
OF + expC(Frac(Of )⊗K K∞)
⊗Fq Fq(ζ1(χ), . . . , ζs(χ))),
A SPIEGELUNGSSATZ FOR FUNCTION FIELD L-SERIES 7
where eχ ∈ Fq(ζ1(χ), . . . , ζs(χ))[Gal(Frac(Of )/K)] is the usual idempotent associ-
ated to χ. We prove that there exists F (t1, . . . , ts) ∈ Fq[t1, . . . , ts] \ {0} (depend-
ing on the module structure of Hs) such that for every Dirichlet character χ of
type s verifying F (ζ1(χ), . . . , F (ζs(χ)) 6= 0, then, if s ≡ 1 (mod q − 1), Hχ is
a cyclic A[ζ1(χ), . . . , ζs(χ)]-module generated as a A[ζ1(χ), . . . , ζs(χ)]-module by
g(χ)
θ
s−q
q−1
(Theorem 7) and if s 6≡ 1 (mod q − 1) we have Hχ = {0} (Corollary 5).
The authors thank David Goss and Federico Pellarin for comments on an earlier
version of this work that enable us to improve the content of this article. The
authors are indebted to David Goss for fruitful discussions that led us to find
explicit formulas for the value at one of v-adic Dirichlet L-series for finite places v
of K.
2. Preliminaries
2.1. Background on entire functions.
Let F be a local field of characteristic p containing a finite field Fq having q
elements. Let OF be the valuation ring of F, and let πF be a generator of the
maximal ideal of OF . Let v : F → Z ∪ {+∞} be the discrete valuation on F such
that v(πF ) = 1. Let CF be the completion of a fixed algebraic closure F of F,
and let v : CF → Q ∪ {+∞} be the valuation on CF such that v(πF ) = 1. Let
τ : CF → CF , x 7→ xq .
Let n ≥ 1 be an integer, let t1, . . . , tn be n indeterminates over CF . We set
CF [tn] = CF [t1, . . . , tn], and if i = (i1, . . . , in) ∈ Nn, we set tin = ti11 · · · tinn and
| i |= in + · · ·+ in. Let f ∈ CF [tn], f =
∑
i∈Nn fit
i, fi ∈ CF . We set :
v(f) = Inf{v(fi), i ∈ Nn}.
Then v induces a valuation on CF (tn) and we call it the v-adic Gauss valuation on
CF (tn).
Let Tn be the Tate algebra in the variables t1, . . . , tn with coefficients in CF (see
[12], chapter 3), i.e. Tn is the completion of CF [tn] for the v-adic Gauss valuation.
Then Tn is the set of elements f =
∑
i∈Nn fit
i
n ∈ CF [[tn]], fi ∈ CF for all i ∈ Nn,
such that :
lim
|i|→+∞
v(fi) = +∞.
More generally, for r ∈ Q, we define Tn,r to be the set of elements f =
∑
i∈Nn fit
i
n ∈
CF [[tn]], fi ∈ CF for all i ∈ Nn, such that :
lim
|i|→+∞
v(fi) + r | i |= +∞.
Thus Tn,0 = Tn, and Tn,r is the set of elements f ∈ CF [[tn]] that converge on
{ζ ∈ CnF , v(ζ) ≥ r}. Observe that if r, r′ ∈ Q, if r′ ≤ r then Tn,r′ ⊂ Tn,r. For
f =
∑
i∈Nn fit
i
n ∈ Tn,r, fi ∈ CF , we set :
vr(f) = Inf{v(fi) + r | i |, i ∈ Nn},
and v = v0. For r ∈ Q, we set:
Tn,r(F ) = Tn,r ∩ F [[tn]].
Let r ∈ Q and let ζ ∈ C∗F such that v(ζ) = −r. Then the map :
ψ : Tn,r → Tn, f(tn) 7→ f(t1ζ, . . . , tnζ),
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is an isomorphism of CF -algebras such that :
v(ψ(f)) = vr(f).
Let τ : CF [[tn]]→ CF [[tn]] be the isomorphism of Fq[[tn]]-algebras such that :
τ(
∑
i∈Nn
fit
i
n) =
∑
i∈Nn
f qi t
i
n, fi ∈ CF .
Observe that, for r ∈ Q, we have :
τ(Tn,r) = Tn,qr.
We set :
En = ∩r∈QTn,r ⊂ Tn,
and :
En(F ) = En ∩ F [[tn]].
Then En is the set of elements f =
∑
i∈Nn fit
i
n ∈ CF [[tn]], fi ∈ CF for all i ∈ Nn,
such that :
lim
|i|→+∞
v(fi)
| i | = +∞.
We call the CF -algebra En the algebra of entire functions on C
n
F . Observe that
C∞[tn] ( En ( Tn, and τ(En) = En. Set E0 = CF . Let n ≥ 1. Observe that En is
the set of elements f =
∑
j≥0 fjt
j
n ∈ En−1[[tn]], fj ∈ En−1, such that :
lim
j→+∞
v(fj)
j
= +∞.
We recall the following basic result :
Lemma 1.
Let S ⊂ CF be a bounded infinite set, i.e. there exists M ∈ R such that ∀x ∈
S, v(x) ≥M. Let f ∈ En that vanishes on Sn, then f = 0.
Proof. We prove the assertion by induction on n ≥ 1. The result is true for n = 1
by [13], proposition 2.13. Now, let n ≥ 2 and assume that the result is proved for
n− 1. Let f ∈ En. Write :
f =
∑
j≥0
fjt
j
n, fj ∈ En−1, j ≥ 0.
Let ζ1, . . . , ζn−1 ∈ Sn−1 and set g(tn) = f(ζ1, . . . , ζn−1, tn) ∈ CF [[tn]]. Then g is an
entire function which vanishes on S. Thus g = 0. Therefore f = 0 by the induction
hypothesis. 
Lemma 2. Let r ∈ Q, r ≤ 0. Let F = ∑i≥0 Fiτ i ∈ Tn,r{{τ}}, Fi ∈ Tn,r, such
that:
lim
i→+∞
vr(Fi)
qi
= +∞.
Then F (Tn,r) ⊂ Tn,r.
Proof. Observe that vr is a valuation on Tn,r and that Tn,r is complete with respect
to the topology defined by this valuation. Let f ∈ Tn,r then:
∀k ≥ 0, vr(τk(f)) ≥ qkvr(f).
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Thus:
lim
k→+∞
vr(Fkτ
k(f)) = +∞.

Let T ∈ CF such that v(T ) = −1. We set AT = Fq[T ], D0,T = 1 and for i ≥ 1 :
Di,T = (T
qi − T )Dqi−1,T .
Proposition 1. For all i ≥ 0, let ai ∈ CF [tn] such that there exists a constant
c ≤ 0 with ∀i ≥ 0, v(ai) ≥ cqi, and there exists a constant c′ ≥ 0 such that the total
degree (in tn) of ai is bounded by q
ic′. Let F =
∑
i≥0
ai
Di,T
τ i ∈ En{{τ}}.
i) ∀r ∈ Q, r ≤ 0, F (Tn,r) ⊂ Tn,r. In particular F (En) ⊂ En.
ii) Let r < 0. {f ∈ Tn,r, F (f) ∈ En} = En.
Proof. For i ≥ 0, we set :
Fi =
ai
Di,T
.
Let r ≤ 0. We have:
vr(Fi) ≥ iqi + cqi + rqic′.
Therefore :
lim
i→+∞
vr(Fi)
qi
= +∞.
Thus, by Lemma 2, for all r ≤ 0, F (Ts,r) ⊂ Ts,r.
Let r ∈ Q, r < 0. Let f ∈ Tn,r such that F (f) ∈ En. We have to prove that
f ∈ En. Assume that this is not the case. Then we could find r′ < r < 0 such that
f ∈ Tn,r′ \ Tn,qr′ . But observe that :∑
i≥1
Fiτ
i(f) ∈ Tn,qr′ .
Thus, we would get :
f = F (f)−
∑
i≥1
Fiτ
i(f) ∈ Tn,qr′ ,
which is absurd. 
We finish this section by the following Lemma which will be used in the sequel :
Lemma 3. Let a ∈ AT [tn] which is monic as a polynomial in T. Then, there exists
r ∈ Q, r < 0, such that 1a ∈ Tn,r.
Proof. Write :
a = T k + b,
where k ∈ N, and b ∈ AT [tn] and v(b) > −k. Let d ≥ 0 be the total degree of b in
tn. Let r ∈ Q, r < 0. Then for m ≥ 0 :
vr(
bm
T km
) ≥ m+ rmd.
Let’s choose now −1d < r < 0. Then :
lim
m→+∞
vr(
bm
T km
) = +∞.
Therefore 1a =
∑
m≥0(−1)m b
m
Tk(m+1)
converges in Tn,r. 
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2.2. Gauss-Thakur sums.
Let Fq be a finite field having q elements, θ be an indeterminate over Fq, A =
Fq[θ], A+ be the set of monic elements in A, A+,k be the set of elements in A+ of
degree k ≥ 0, K = Fq(θ). Let ∞ be the unique place of K which is a pole of θ. Let
K∞ = Fq((
1
θ )) and let C∞ be the completion of a fixed algebraic closure ofK∞. Let
v∞ : C∞ → Q ∪ {+∞} be the valuation on C∞ normalized such that v∞(θ) = −1.
Let K be the algebraic closure of K in C∞, and let Fq be the algebraic closure of
Fq in C∞.
Let expC be the Carlitz exponential (see [13], chapter 3). For every f ∈ A \ {0},
we set λf = expC(
π˜
f ) ∈ K, where :
π˜ =q−1
√−θ θ
∏
j≥1
(1 − θ1−qj )−1 ∈ C∞.
We set ∆f = Gal(K(λf )/K). We refer the reader to [28], chapter 12, for the basic
properties of the abelian extension K(λf )/K. For a ∈ A, a relatively prime to f,
we denote by σa the element in ∆f such that :
σa(λf ) = Ca(λf ),
where C is the Carlitz module (see [13], chapter 3).
Let P be a prime of A (i.e. a monic irreducible element in A) of degree d ≥ 1.
Let KP be the P -adic completion of K and AP be the valuation ring of KP . Let
CP be the completion of a fixed algebraic closure of KP and we fix once and for
all a K-embedding of K in CP . Let vP be the P -adic valuation on CP normalized
such that vP (P ) = 1. Let OCP = {x ∈ CP , vP (x) ≥ 0}.
Let sgn = sgnP : OCP → Fq ⊂ OCP be the morphism of Fq-algebras such that :
∀x ∈ OCP , vP (sgn(x)− x) > 0.
If x ∈ O×CP , we write x = sgn(x) < x >, where vP (1− < x >) > 0. We set
ζP = sgn(θ). Observe that :
P (ζP ) = 0.
A Dirichlet character, χ, is a morphism :
χ : (
A
bA
)× → Fq ⊂ OCP ,
for some squarefree b ∈ A+. Let Fq(χ) be the field obtained by adjoining to Fq the
values of χ. If we view χ as a primitive character of conductor f, we extend χ into
a map χ : A → Fq(χ), by sending a to 0 if a is not prime to f, and χ(a) = χ(a
(mod f)) otherwise. We say that χ is of type 1, if χ : A → Fq(χ) is a ring
homomorphism. Observe that if χ is of type 1, then its conductor is a prime of A.
Let χP be the Dirichlet character of type 1 and conductor P such that χP (θ) = ζP .
Let f be a prime of A and let χ be a Dirichlet character of type 1 and conductor
f, recall that the Gauss-Thakur sum associated to χ is defined by (see [32]) :
∀i ≥ 0, g(χ) = −
∑
σ∈∆f
χ−1(σ)σ(λf ),
where we recall that ∆f = Gal(K(λf )/K). Now let χ be a primitive Dirichlet
character of conductor P1 · · ·Pr, where P1, . . . , Pr are distinct primes of A. For
i = 1, . . . , r, let χi be a Dirichlet character of type 1 and conductor Pi, then :
χ = χN11 · · ·χNrr ,
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where 0 ≤ Nj ≤ qdegPj − 2. Write, for j = 1, . . . , r, Nj =
∑degPj−1
i=0 ni,jq
i, ni,j ∈
{0 . . . , q − 1}. The Gauss-Thakur sum associated to χ is (see for example [5]) :
g(χ) =
r∏
j=1
degPj−1∏
i=0
g(χq
i
j )
ni,j .
The type of χ (see also [6]) is defined to be
∑r
j=1
∑degPj−1
i=0 ni,j .
If χ is a Dirichlet character of conductor b, we have (see [5]):
g(χ)g(χ−1) = (−1)degbb.
2.3. L-functions.
In this section, we recall the functional identities for certain s-variable L-series
obtained in [5], [24]. Let s ≥ 0 be an integer and Z, t, y1, . . . , ys be s + 2 variables
over Fq. We set for d ≥ 1:
L(Fqd ; y1, . . . , ys;Z) =
∑
a∈F
qd
[θ]+
a(y1) · · · a(ys)
a( 1Z )
∈ Fqd [y1, . . . , ys][[Z]]×.
We also set :
ω(Fqd ; t;Z) =
∏
j≥0
(1 − tZqdj )−1 ∈ Fqd [t][[Z]]×,
and :
π(Fqd ;Z) =
∏
j≥1
(1 − Zqdj−1)−1 ∈ Fqd [[Z]]×.
Proposition 2.
Let d ∈ N \ {0}.
1) For s = 1, set y = y1. Then:
L(Fqd ; y;Z)ω(Fqd ; y;Z)
π(Fqd ;Z)
=
1
1− yZ .
2) Let s ≡ 1 (mod qd − 1), s ≥ qd. Then there exists B(Fqd ; y1, . . . , ys;Z) ∈
Fqd [y1, . . . , ys, Z] ∩ (1 + ZFqd [y1, . . . , ys][[Z]]) such that :
L(Fqd ; y1, . . . , ys;Z)ω(Fqd ; y1;Z) · · ·ω(Fqd ; ys;Z)
π(Fqd ;Z)
= B(Fqd ; y1, . . . , ys;Z).
Proof. It is enough to prove the result for d = 1. Let t, t1, · · · , ts be s+ 1 indeter-
minates over C∞, then set :
L(t1, . . . , ts) = L(Fq; t1, . . . , ts; 1
θ
) ∈ K∞[[t1, . . . , ts]].
This is the L-function introduced in [24] and studied in [4], [5], [6], [14], [25], [26],
[27]. Recall that L(t1, . . . , ts) defines an entire function on C
s
∞ ([5] Proposition 6).
Let’s set :
π∞ = π(Fq;
1
θ
) ∈ K×∞,
and :
ω∞(t) = ω(Fq; t;
1
θ
) ∈ K∞[[t]].
Then :
π˜ = λθ θ π∞,
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and the Anderson-Thakur function (see for example [4]), ω(t), is equal to :
ω(t) = λθ ω∞(t).
Then assertion 1) is a consequence of [24] Theorem 1, and assertion 2) is a conse-
quence of [5] Theorem 1 and [6] section 7.1.1. . 
Recall that we have (see for example [24]):
ω(t) =
∑
i≥0
λθi+1t
i.
We will need the following Lemma in the sequel :
Lemma 4. Let T be the Tate algebra in the variable t with coefficients in C∞, (see
[12], chapter 3), we have the following equality in T :
ω(t) =
∑
j≥0
λ(θ+1)j+1(t+ 1)
j.
Proof. Set :
F (t) =
∑
j≥0
λ(θ+1)j+1(t+ 1)
j ∈ T×.
Let τ : T→ T be the continuous morphism of Fq[t]-algebras such that :
∀x ∈ C∞, τ(x) = xq.
Recall that
expC =
∑
i≥0
1
Di
τ i,
where D0 = 1, and for i ≥ 1 : Di = (θqi − θ)Dqi−1. Then (see for example [24]):
ω(t) = expC(
π˜
θ − t ).
Thus :
ω(t) = expC(
π˜
(θ + 1)− (t+ 1)) = F (t).

2.4. P -adic interpolation.
Let P be a prime of A of degree d ≥ 1, and let z, t1, . . . , ts be s+1 indeterminates
over CP . We set :
LP (t1, . . . , ts; z) =
∑
k≥0
∑
a∈A+,k,a 6≡0 (mod P )
a(t1) · · · a(ts)
a
zk ∈ AP [t1, . . . , ts][[z]].
Theorem 1. LP (t1, . . . , ts; z) defines an entire function on C
s+1
P .
Proof. The proof of the above Theorem is essentially a consequence of [3] section
3.3 and the proof of [5] Proposition 6. Set :
Vk(t1, . . . , ts) =
∑
a∈A+,k,a 6≡0 (mod P )
a(t1) · · · a(ts)
a
,
and :
Sk(t1, . . . , ts) =
∑
a∈A+,k
a(t1) · · · a(ts).
A SPIEGELUNGSSATZ FOR FUNCTION FIELD L-SERIES 13
Let vP be the P -adic Gauss valuation on KP (t1, . . . ts). By [5] Lemma 4, if s <
k(q − 1), we have Sk(t1, . . . , ts) = 0. Now, let n ≥ 1 be an integer, then :
∀a ∈ A \ PA, vP (1
a
− aqdn(qd−1)−1) ≥ qdn.
Thus:
vP (Vk(t1, . . . ts)−
∑
a∈A+,k
a(t1) · · · a(ts)aqdn(qd−1)−1) ≥ qdn.
But , if k(q − 1) > s+ nd(q − 1) + qd − 2, we have :∑
a∈A+,k
a(t1) · · · a(ts)aqdn(qd−1)−1 = 0.
Thus if k(q − 1) > s+ nd(q − 1) + qd − 2, we have :
vP (Vk(t1, . . . , ts)) ≥ qnd.

Proposition 3. Let s ≥ 1. We have LP (t1, . . . , ts; z) |z=1= 0 if and only if s ≡ 1
(mod q − 1).
Proof. Let’s set :
F (t1, . . . , ts) = LP (t1, . . . , ts; z) |z=1 .
Then by Theorem 1, F (t1, . . . , ts) defines an entire function on C
s
P . Let i1, . . . , is ∈
N. Then, if s 6≡ 1 (mod q − 1), we have :
F (θq
i1
, . . . , θq
is
) = (1− P qi1+···+qis−1)β(qi1 + · · ·+ qis − 1) 6= 0,
where β(i) denotes the ith Bernoulli-Goss number (see for example [15], [20]). Now,
if s ≡ 1 (mod q − 1), we have :
F (θq
i1
, . . . , θq
is
) = (1− P qi1+···+qis−1)(
∑
k≥0
∑
a∈A+,k
aq
i1+···+qis−1).
But, since qi1 + · · ·+ qis ≡ 1 (mod q − 1), we get ([13], section 8.13.) :
F (θq
i1
, . . . , θq
is
) = 0.
But F (t1, . . . , ts) is an entire function, thus by Lemma 1, if s ≡ 1 (mod q − 1), we
get that F (t1, . . . , ts) = 0. 
If s 6≡ 1 (mod q − 1), we set :
LP (t1, . . . , ts) = LP (t1, . . . , ts, z) |z=1,
and if s ≡ 1 (mod q − 1) :
LP (t1, . . . , ts) =
d
dz
LP (t1, . . . , ts, z) |z=1 .
Note that, by Theorem 1, LP (t1, . . . , ts) defines an entire function on C
s
P .
Proposition 4. Let s ≥ 1 be an integer. Let vP be the Gauss P -adic valuation on
AP [[t1, . . . , ts]]. Then :
vP (LP (t1, . . . , ts)) = 0.
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Proof. We prove the assertion for s 6≡ 1 (mod q − 1). Since LP (t1, . . . , ts) is an
entire function, we can evaluate it at ts = θ, we get
LP (t1, . . . , ts) |ts=θ=
∑
k≥0
∑
a∈A+,k,a 6≡0 (mod P )
a(t1) · · · a(ts) ∈ Fq[t1, . . . , ts]
But LP (t1, . . . , ts) |t1=θ,...,ts=θ= (1−P s−1)β(s−1) where β(s−1) 6= 0 is the s−1th
Bernoulli-Goss number (see [20]). Thus, LP (t1, . . . , ts) |ts=θ∈ Fq[t1, . . . , ts]\{0}, so
that vP (LP (t1, . . . , ts)) = 0.
The proof of the Theorem is similar for s ≥ 2, s ≡ 1 (mod q − 1). It remains to
treat the case s = 1. Recall that by Theorem 1, LP (t) is an entire function. Since
β(q − 1) = 1, we have :
LP (θ
q) =
∑
k≥1
∑
a∈A+,k,a 6≡0 (mod P )
aq−1 = P q−1 − 1.

3. Anderson’s P -adic logarithm
Let P be a prime of A of degree d ≥ 1. In this section, we recall the construction
of the P -adic logarithm of Anderson ([1], proposition 11) and we extend it to OCP .
Let τ : CP → CP be the isomorphism of Fq-algebras given by :
∀x ∈ CP , τ(x) = xq.
Let C : A → A{τ} be the Carlitz module, i.e. C is the morphism of Fq-algebras
given by :
Cθ = τ + θ.
For a ∈ A \ {0}, let Λa ⊂ K be the set of a-torsion points for the Carlitz module
and set Λ = ∪a∈A\{0}Λa.
Lemma 5.
i) Let n ≥ 1, then KP (ΛPn−1) = KP (Fqdn). Furthermore, let ϕ ∈ Gal(KP (Fqdn)/KP )
be the Frobenius morphism then :
∀λ ∈ ΛPn−1, ϕ(λ) = CP (λ).
ii) KP (Λ) is the maximal abelian extension of KP .
Proof. This Lemma can be deduced from the work of David Hayes ([19]). For the
convenience of the reader, we give a proof of it.
i) We observe that :
CPn−1 ≡ τdn − 1 (mod PA{τ}).
Thus, by Hensel’s Lemma : KP (ΛPn−1) = KP (Fqdn). Furthermore ϕ(ΛPn−1) =
ΛPn−1. Thus, the second assertion comes from the fact that if λ, λ
′ ∈ ΛPn−1,
λ 6= λ′, then vP (λ− λ′) = 0.
ii) Observe that CP is a Lubin-Tate polynomial. Thus, assertion ii) is a consequence
of i) and Lubin-Tate theory (see [23], chapter V). 
Recall that the Carlitz exponential is defined by :
expC =
∑
i≥0
1
Di
τ i ∈ K{{τ}},
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where D0 = 1 and for i ≥ 1 : Di = (θqi − θ)Dqi−1. We have the following equality
in K{{τ}} :
expC θ = Cθ expC .
Furthermore, the Carlitz logarithm is defined by :
logC =
∑
i≥0
1
ℓi
τ i ∈ K{{τ}},
where ℓ0 = 1, and for i ≥ 1 : ℓi = (θ− θqi)ℓi−1. We also have the following equality
in K{{τ}} :
expC logC = logC expC = 1.
Lemma 6.
i) expC converges on {x ∈ CP , vP (x) > 1qd−1}. Furthermore, for x ∈ CP , vP (x) >
1
qd−1
, we have vP (expC(x)) = vP (x).
ii) logC converges on MCP = {x ∈ CP , vP (x) > 0}. Furthermore, for x ∈ CP ,
vP (x) >
1
qd−1
, we have vP (logC(x)− x) > vP (x).
Proof. Let [x] denotes the integer part of x ∈ R. The Lemma comes from the
following facts :
∀i ≥ 0, vP (ℓi) = [ i
d
],
∀i ≥ 0, vP (Di) = q
i − qi−[ id ]d
qd − 1 .

We set Λ′ = ∪n≥1ΛPn−1 and Λ′′ = ∪n≥1ΛPn ⊂ MCP . We have a direct sum of
A-modules Λ = Λ′ ⊕ Λ′′. Observe that OCP has a structure of A-module via the
Carlitz module (denoted by C(OCP )). Thus Lemma 5 implies that we have a direct
sum of A-modules :
C(OCP ) = Λ
′ ⊕ C(MCP ).
Furthermore one can show that C(MCP ) is an AP -module but we will not need this
fact.
Lemma 7. TorAC(MCP ) = Λ
′′ and :
Ker(logC : C(MCP )→ CP ) = Λ′′.
Proof. The first assertion is obvious by our previous discussions. Let x ∈ MCP .
Then there exists an integer n ≥ 0 such that vP (CPn(x)) > 1qd−1 . Thus, by Lemma
6, we have :
vP (logC(x)) = vP (
1
Pn
logC(CPn(x)) = vP (CPn(x)) − n.
The Lemma follows easily. 
Now, let x ∈ C(OCP ), then there exists an integer n ≥ 1, such that vP (CPn−1(x)) >
0.We define the P -adic Anderson’s logarithm of x (this is an analogue construction
as that of the Iwasawa logarithm) as follows:
logC,P (x) =
1
Pn − 1 logC(CPn−1(x)).
Note that logC,P (x) is well-defined. We have immediately by Lemma 7:
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Lemma 8. The map logC,P : C(OCP )→ CP is a morphism of A-modules and its
kernel is exactly Λ.
4. Non-vanishing of David Goss P -adic Dirichlet L-functions
Let P be a prime of A of degree d. Let χ be a Dirichlet character of type 1 and
conductor f. Recall that :
g(χ) = −
∑
σ∈∆f
χ−1(σ)σ(λf ).
Let σ = τ ⊗ 1 on A[λf ]⊗Fq Fq(χ), then :
σ(g(χ)) = (χ(θ)− θ)g(χ).
Now, let χ be a Dirichlet character of type s ≥ 0 and conductor f, then the above
equation and the definition of g(χ) imply that there exist ζ1, · · · , ζs ∈ Fq such that:
σ(g(χ)) = (ζ1 − θ) · · · (ζs − θ)g(χ),
where σ = τ ⊗ 1 on A[λf ] ⊗Fq Fq(ζ1, . . . , ζs). Furthermore, one sees easily that if
a ∈ A is relatively prime to f, then :
χ(a) = χ(σa) = a(ζ1) · · · a(ζs).
By Theorem 1, we can set :
LP (1, χ) = LP (t1, . . . , ts) |t1=ζ1,...,ts=ζs∈ AP [χ].
Observe that is s 6≡ 1 (mod q − 1), we have :
LP (1, χ) =
∑
k≥0
∑
a∈A+,k,a 6≡0 (mod P )
χ(a)
a
,
where χ is viewed as defined modulo its conductor and χ(a) = 0 if a is not relatively
prime to f, and if s ≡ 1 (mod q − 1) :
LP (1, χ) =
∑
k≥0
∑
a∈A+,k,a 6≡0 (mod P )
k
χ(a)
a
.
Our aim in this section is to prove the following Theorem :
Theorem 2. Let χ be a Dirichlet character of type s and assume q ≥ 3 if s = 0.
Then :
LP (1, χ) 6= 0.
Note that the case of characters of conductor P and s 6≡ 1 (mod q−1) is treated
in [8] and the non-vanishing result uses Vincent Bosser’s P -adic Baker Brumer
Theorem (see the appendix of [8]). In what follows, we propose a new approach
which does not use the P -adic Baker-Brumer Theorem. The proof of Theorem 2 is
quite technical and we first need some preliminary results.
Let s ≥ 0 be an integer. We will now work in K[t1, . . . , ts][[z]]. Let
τ : K[t1, . . . , ts][[z]]→ K[t1, . . . , ts][[z]]
be the continuous morphism (for the z-adic topology) of Fq[t1, . . . , ts][[z]]-algebras
such that
∀x ∈ K, τ(x) = xq.
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Set :
logs,z =
∑
k≥0
bi(t1) · · · bi(ts)
ℓk
zkτk,
where for j = 1, . . . , s, b0(tj) = 1 and for i ≥ 1 : bi(tj) =
∏i−1
k=0(tj − θq
k
). Then,
Corollary 5.12 in [6] implies that there exists u(t1, . . . , ts; z) ∈ A[t1, . . . , ts, z] such
that we have the following equality in K[t1, . . . , ts][[z]] :
∑
k≥0
∑
a∈A+,k
a(t1) · · · a(ts)
a
zk = logs,zu(t1, . . . , ts; z).
We have the following properties for the ”Anderson-Stark units” u(t1, . . . , ts; z) :
Lemma 9.
i) If 0 ≤ s ≤ q − 1, u(t1, . . . , ts; z) = 1.
ii) If s ≥ q, s ≡ 1 (mod q − 1), u(t1, . . . , ts; z) |z=1= 0.
iii) If s ≥ 1, we have :
u(t1, . . . , ts; z) |ts=θ=
∑
k≥0
∑
a∈A+,k
a(t1) · · ·a(ts−1)zk.
In particular if s ≥ q, s ≡ 1 (mod q − 1) :
d
dz
(u(t1, . . . , ts; z)) |z=1 6= 0.
Proof. Let’s set :
exps,z =
∑
i≥0
bi(t1) · · · bi(ts)
Di
ziτ i.
We work in the Tate algebra in the variables t1, . . . , ts, z with coefficients in K∞.
Set :
Ls,z =
∑
k≥0
∑
a∈A+,k
a(t1) · · ·a(ts)
a
zk.
Then by [6], Corollary 5.12 , we have :
u(t1, . . . , ts; z) = exps,z(Ls,z).
Furthermore, by [6] Lemma 3.9 and [5] Proposition 6, this is an equality between
entire functions in the variables t1, . . . , ts, z. Thus we get the first assertion of iii) .
Fo the second assertion of iii), observe that :
d
dz
(u(t1, . . . , ts; z)) |z=1,t1=θ,...,ts=θ= β(s− 1) 6= 0,
where β(i) denotes the ith Bernoulli-Goss number.
For ii), it is a consequence of [6], section 7. For i), observe that :
v∞(
bi(t1) · · · bi(ts)
Di
zi) = iqi − sq
i − 1
q − 1 .
Therefore, if 0 ≤ s ≤ q − 1, we get :
v∞(exps,z(Ls,z)− 1) ≥ 1.
Since u(t1, . . . , ts, z) ∈ A[t1, . . . , ts, z], we get i). 
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Proposition 5.
Let s ≥ q. Write s = q+ r+ ℓ(q− 1), ℓ ∈ N, r ∈ {0, . . . , q− 2}.Then u(t1, . . . , ts; z)
viewed as a polynomial in θ is of degree s( q
ℓ−1
q−1 )− ℓqℓ if r = 0 and s( q
ℓ+1−1
q−1 )− (ℓ+
1)qℓ+1 if r 6= 0. Furthermore the leading coefficient of u(t1, . . . , ts; z) viewed as a
polynomial in θ is :
if r = 0, (−1)ℓzℓ(1− z).
if r 6= 0, (−1)s(ℓ+1)zℓ+1.
Proof. We prove the result for r = 0, the proof of the Proposition being similar
in the remaining cases. We will use freely the results in [6]. Let s ≥ q, s ≡ 1
(mod q − 1). Let φ be the Drinfeld module defined on the Tate algebra in the
variables t1, . . . , ts, z with coefficients inK∞ such that φθ = z(t1−θ) · · · (ts−θ)τ+θ.
Recall that :
u := u(t1, . . . , ts; z) = expφ L,
where :
L =
∑
k≥0
∑
a∈A+,k
a(t1) · · · a(ts)
a
zk.
In particular v∞(L− 1) ≥ 1. Recall that :
expφ =
∑
i≥0
bi(t1) · · · bi(ts)zi
Di
τ i.
We say that an element f in Fq(t1, . . . , ts, z)((
1
θ )) is ” monic” if there exists an
integer m ∈ Z such that :
v∞(f − θm) > v∞(f).
For i ≥ 0 observe that τ i(L) and bi(t1)···bi(ts)Di are almost monic. Recall that :
∀i ≥ 0, v∞(bi(t1) · · · bi(ts)z
i
Di
τ i(L)) = iqi − s(q
i − 1
q − 1 ).
Set αi = (−1)si bi(t1)···bi(ts)Di τ i(L), then αi is monic. We have:
u =
∑
i≥0
(−1)siαizi.
For i ≥ 0, we have :
((i + 1)qi+1 − s(q
i+1 − 1
q − 1 ))− (iq
i − s(q
i − 1
q − 1 )) = q
i(q + i(q − 1)− s).
Write s = q + ℓ(q − 1), ℓ ∈ N. We get :
v∞(u− ((−1)sℓαℓzℓ + (−1)s(ℓ+1)αℓ+1zℓ+1)) > v∞(u).
But αℓ and αℓ+1 are monic, thus:
v∞(u− (zℓ(1− z)(−1)sℓθℓq
ℓ−s( q
ℓ−1
q−1 )) > v∞(u).
This proves the assertion. 
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Let χ be a Dirichlet character of type s and conductor f. Recall that there exists
ζ1, . . . , ζs ∈ Fq such that :
σ(g(χ)) = (ζ1 − θ) · · · (ζs − θ)g(χ),
where σ = τ ⊗ 1 on A[λf ]⊗Fq Fq(ζ1, . . . , ζs). We set :
uχ(z) = g(χ)u(t1, . . . , ts; z) |t1=ζ1,...,ts=ζs∈ g(χ)Fq(ζ1, . . . , ζs)[z].
Let [χ] = {χqi , i ≥ 0}. Observe that for ψ ∈ [χ], ψ is of type s and conductor f.
We set :
u[χ](z) =
∑
ψ∈[χ]
uψ(z) ∈ A[λf ][z],
and :
u
(1)
[χ] (z) =
d
dz
u[χ](z).
Theorem 3. Let χ be a Dirichlet character of type s and conductor f.
1) If s 6≡ 1 (mod q − 1), then :
LP (1, χ)g(χ) = (1− P−1χ(P )) 1| ∆f |
∑
µ∈∆f
χ−1(µ)logC,P (µ(u[χ](1))).
2) If s ≥ q, s ≡ 1 (mod q − 1), then :
LP (1, χ)g(χ) = (1− P−1χ(P )) 1| ∆f |
∑
µ∈∆f
χ−1(µ)logC,P (µ(u
(1)
[χ] (1))).
3) If s = 1, we have :
LP (1, χ)g(χ) = (1− P−1χ(P )) 1| ∆f |
1
θ − χ(θ)
∑
µ∈∆f
χ−1(µ)logC,P (µ(λ
q
f )).
Proof. We first work inK[t1, . . . , ts][[z]]. Let τ : K[t1, . . . , ts][[z]]→ K[t1, . . . , ts][[z]]
be the continuous morphism (for the z-adic topology) of Fq[t1, . . . , ts][[z]]-algebras
such that ∀x ∈ K, τ(x) = xq. Set :
logs,z =
∑
k≥0
bi(t1) · · · bi(ts)
ℓk
zkτk.
Then recall that we have the following equality in K[t1, . . . , ts][[z]] :
∑
k≥0
∑
a∈A+,k
a(t1) · · · a(ts)
a
zk = logs,zu(t1, . . . , ts; z).
Let σ = τ ⊗ 1 on K[λf ]⊗Fq Fq(ζ1, . . . , ζs). And set :
logσ,z =
∑
k≥0
1
ℓk
zkσk.
If we specialize ti in ζi and if we multiply the formula by g(χ), we have the following
equality in K[λf ]⊗Fq Fq(ζ1, . . . , ζs))[[z]] :
∑
k≥0
∑
a∈A+,k
χ(a)
a
g(χ)zk = logσ,zuχ(z).
Recall that ∆f = Gal(K(λf )/K), and that for µ ∈ ∆f , we have :
µ(g(χ)) = χ(µ)g(χ).
20 BRUNO ANGLE`S AND FLORIC TAVARES RIBEIRO
Now, set :
logC,z =
∑
k≥0
1
ℓk
zkτk.
We get the following equality in K[λf ][[z]] (τ acts trivially on z):
∑
ψ∈[χ]
∑
k≥0
∑
a∈A+,k
ψ(a)
a
g(ψ)zk = logC,zu[χ](z).
By the properties of the Gauss-Thakur sums, we deduce that :
| ∆f |
∑
k≥0
∑
a∈A+,k
χ(a)
a
g(χ)zk =
∑
µ∈∆f
χ−1(µ)logC,zµ(u[χ](z)).
Therefore:
| ∆f | g(χ)
∑
k≥0
∑
a∈A+,k
χ(a)
a
zk =
∑
µ∈∆f
χ−1(µ)logC,zµ(u[χ](z)).
And finally :
g(χ)
∑
k≥0
∑
a∈A+,k
a 6≡0 (mod P )
χ(a)
a
zk = (1−P−1χ(P )zd) 1| ∆f |
∑
µ∈∆f
χ−1(µ)logC,zµ(u[χ](z)).
Recall that :
θlogC,z = logC,z(zτ + θ).
Now, since u[χ](1) can be a P -adic unit, using the functional equation of logC,z if
necessary, we get if χ is even (i.e. s 6≡ 1 (mod q − 1)) :
LP (1, χ)g(χ) = (1− P−1χ(P )) 1| ∆f |
∑
µ∈∆f
χ−1(µ)logC,P (µ(u[χ](1))).
Observe that u[χ](1) ∈ expC(K(λf ) ⊗K K∞), i.e. u[χ](1) is a Taelman unit (see
[29], [30]). More precisely, we have the following equality in K(λf )⊗K K∞ :
expC(
∑
ψ∈[χ]
L(1, ψ)g(ψ)) = u[χ](1),
where τ : K(λf )⊗KK∞ → K(λf )⊗KK∞, α 7→ αq. Now, let’s treat the case where
χ is odd (i.e. s ≡ 1 (mod q− 1)). If s ≥ q, by Lemma 9 we have u[χ](1) = 0. Using
again the same technique, we get in this case:
LP (1, χ)g(χ) = (1− P−1χ(P )) 1| ∆f |
∑
µ∈∆f
χ−1(µ)logC,P (µ(u
(1)
[χ] (1))).
Thus, it remains to treat the case s = 1 . First, by [32] Proposition I and Lemma
9:
u[χ](z) = λf .
Therefore, in this case :
g(χ)
∑
k≥0
∑
a∈A+,k
a 6≡0 (mod P )
χ(a)
a
zk = (1− P−1χ(P )zd) 1| ∆f |
∑
µ∈∆f
χ−1(µ)logC,zµ(λf ).
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Now, select λ ∈ Fq such that f is relatively prime to θ + λ. Then :∑
µ∈∆f
χ−1(µ)logC,zµ(λf ) = χ
−1(θ + λ)
∑
µ∈∆f
χ−1(µ)logC,zCθ+λ(µ(λf )).
Thus g(χ)(χ(θ + λ)− (θ + λ))∑k≥0∑a∈A+,k,a 6≡0 (mod P ) χ(a)a zk is equal to:
(1− P−1χ(P )zd) 1| ∆f |
∑
µ∈∆f
χ−1(µ)(logC,zCθ+λ(µ(λf ))− (θ + λ)logC,zµ(λf )).
But s = 1, thus χ(θ + λ) = χ(θ) + λ. Thus,
g(χ)(χ(θ) − θ)
∑
k≥0
∑
a∈A+,k,a 6≡0 (mod P )
χ(a)
a
zk
is equal to :
(1 − P−1χ(P )zd) 1| ∆f |
∑
µ∈∆f
χ−1(µ)(logC,zCθ(µ(λf ))− θlogC,zµ(λf )).
Set :
log
(1)
C,z =
∑
k≥0
k
ℓk
zk−1τk.
Then :
log
(1)
C,z(zτ + θ)− θlog(1)C,z = −logC,zτ.
Therefore, for s = 1, we get :
g(χ)LP (1, χ) = (1− P−1χ(P )) 1| ∆f |
1
θ − χ(θ)
∑
µ∈∆f
χ−1(µ)logC,P (µ(λ
q
f )).

Proof of Theorem 2 : We first treat the case where χ is even (i.e. s 6≡ 1 (mod q−1)).
Note that by Proposition 5, we have :
u[χ](1) 6= 0.
Since χ is even this implies that u[χ](1) is not a torsion point for the Carlitz module,
in particular :
logC,P (u[χ](1)) 6= 0.
But, by the proof of Theorem 3, we have :
logC,P (u[χ](1)) =
∑
ψ∈[χ]
(1− ψ(P )
P
)−1LP (1, ψ)g(ψ).
This implies that there exists ψ ∈ [χ] such that :
LP (1, ψ) 6= 0.
Thus, we have to prove that if LP (1, χ) 6= 0, then LP (1, χ 1q ) 6= 0. We are going to
prove it by performing a change of variables.
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Set K(q) = Fq(θ
q), observe that K/K(q) is totally ramified at every place of K(q).
Let C(q) be the Carlitz module for A(q) := Aq = Fq[θ
q], i.e. C(q)θq = τ + θ
q. Let
λ˜f = expC(q)(
π˜(q)
f(θq) ). Then :
K(λf ) = K(λ
(q)
f(θq)).
Furthermore, the restriction map induces an isomorphism of groups :
∆f ≃ ∆(q)f(θq).
This implies that :
∀σ ∈ ∆f , χ(σ) = χ(σ(q)).
Now LP (1, χ) 6= 0 implies that L(q)P (1, χ) 6= 0. But :
L
(q)
P (1, χ) = (LP (1, χ
1
q ))q.
Thus :
LP (1, χ
1
q ) 6= 0.
Now, we turn to the case where χ is odd of type ≥ q. Again, by Proposition 5, we
get :
u
(1)
[χ] (1) 6= 0.
Since χ is not of type 1, by [32] Proposition I, u
(1)
[χ] (1) is not a torsion point, in
particular:
logC,P (u
(1)
[χ] (1)) 6= 0.
Now by the proof of Theorem 3:
logC,P (u
(1)
[χ] (1)) =
∑
ψ∈[χ]
(1− ψ(P )
P
)−1LP (1, ψ)g(ψ).
We can conclude as in the even case. It remains to treat the case s = 1. Observe
that λqf is not a torsion point for the Carlitz module. Furthermore by Theorem 3,
we have :
logC,P (λ
q
f ) =
∑
ψ∈[χ]
(θ − ψ(θ))(1 − ψ(P )
P
)−1LP (1, ψ)g(ψ).
Again, we can conclude as in the even case. This achieves the proof of Theorem 2.
5. The special function ωP
Let P be a prime of A of degree d ≥ 1. In this section, we extend [4], Theorem
2.9, to the P -adic case. Let’s consider CP [t,
1
P (t) ] equipped with the usual Gauss
P -adic valuation vP and let A be the completion of CP [t, 1P (t) ] for vP . Instead of
working in P -adic Tate algebras as in [6], we will work in the affinoid algebra A (see
[12] chapter 3). Let τ : A → A be the continuous morphism of Fq[t, 1P (t) ]-algebras
such that :
∀x ∈ CP , τ(x) = xq.
For j = 0, . . . , d− 1, we set (see section 2.2. for the definition of ω(Fqd ; y;Z)):
ωj,P (t) = τ
j(ω(Fqd ;
1
t− ζP ; θ − ζP )) ∈ Fqd [t,
1
P (t)
][[P ]]× ⊂ A.
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We also set :
ωP (t) =
d−1∏
j=0
ωj,P (t).
Observe that :
ωP (t) =
∏
j≥0
(1− (θ − ζP )
qj
t− ζqjP
)−1.
And also :
τ(ωP (t)) = (
t− θ
t− ζP )ωP (t).
We fix γ ∈ CP such that :
γq
d−1 = ζP − θ.
Theorem 4. Let χ be a Dirichlet character of type 1. Let f be the conductor of χ.
1) If f 6= P. Then :
g(χ) = sgn(g(χ))(ωP |t=χ(θ)).
Furthermore :
sgn(g(χ))q
degf−1 =
degf−1∏
j=0
(χ(θ)− ζqjP ).
In particular :
sgn(g(χ−1))g(χ) = (−1)degff(ζP )(ωP |t=χ(θ)).
2) If f = P, write χ = χq
i
P , i ∈ {0, . . . , d− 1}. Then:
g(χ) = γq
i
sgn(
g(χ)
γqi
)P ′(ζP )
−qi(
d−1∏
j=0,j 6=i
ωj,P ) |t=χ(θ) .
Furthermore :
sgn(
g(χ)
γqi
)q
d−1 = P ′(ζq
i
P ).
Proof.
1) Let ζ = χ(θ). We have :
τ(g(χ)) = (ζq − θ)g(χq).
Thus:
τdegf (g(χ)) = bdegf (ζ)g(χ).
Since f 6= P, g(χ) is a P -adic unit and this gives the second assertion of 1). Let
n = (qdegf − 1)d degf then (see for example [28], Theorem 12.10.) :
Fqd(ζ, sgn(λf )) ⊂ Fqn .
We get for any k ≥ 0 :
g(χ)q
kn
= τkn(g(χ)) = bnk(ζ)g(χ).
Now, observe that :
lim
k→+∞
g(χ)q
kn
= sgn(g(χ)).
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Now we turn our attention to bnk(t) :
bnk(t) =
nk−1∏
j=0
(t− θqk).
Since d divides n, we can write the above product :
bnk(t) =
nk/d−1∏
i=0
d−1∏
j=0
(t− ζqjP − (θq
j − ζqjP )q
di
).
Thus:
bnk(t) = P (t)
nk/d
nk/d−1∏
i=0
d−1∏
j=0
(1− (θ
qj − ζqjP )q
di
t− ζqjP
).
Observe that P (ζ) ∈ F×
qdegf
. By our choice of n :
P (t)nk/d |t=ζ= 1.
Now, for j = 0, . . . , d− 1, we have :
ωj,P (t) =
∏
k≥0
(1− (θ
qj − ζqjP )q
dk
t− ζqjP
)−1.
We get the first formula of 1). For the last assertion of 1), use the fact that :
g(χ)g(χ−1) = (−1)degff.
2) Now let χ = χq
i
P , i ∈ {0, . . . , d− 1}. Then as in the proof of part 1):
τd(g(χ)) = bd(χ(θ))g(χ).
But:
bd(χ(θ)) = P
′(ζq
i
P )(ζP − θ)q
i
d−1∏
j=0,j 6=i
(1− (θ − ζP )
qj
ζq
i
P − ζq
j
P
).
Thus :
τd(
g(χ)
γqi
) = P ′(ζq
i
P )(
d−1∏
j=0,j 6=i
(1− (θ − ζP )
qj
ζq
i
P − ζq
j
P
))
g(χ)
γqi
.
We conclude as in the proof of part 1). 
6. The Spiegelungssatz
Let P be a prime of A of degree d ≥ 1. Our aim in this section is to show that
the P -adic L-functions LP (t1, . . . , ts), s ≥ 1, verify a particular kind of functional
identity which can be seen as a Spiegelungssatz for P -adic L-series.
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6.1. The case s = 1.
Let εP = 1 if P = θ and zero otherwise. Let B ⊂ CP [[t+εP ]] be the set of power
series in t+ εP with bounded coefficients and let vP be the Gauss P -adic valuation
on B. Let τ : B → B be the continuous morphism of Fq[[t+ εP ]]-algebras such that:
∀x ∈ CP , τ(x) = xq.
We set B0 = OCP [[t + εP ]] ⊂ B. We extend the function sgn : OCP → Fq into a
continuous morphism of Fq[[t+ εP ]]-algebras :
sgn : B0 → Fq[[t+ εP ]].
We set :
B00 = Ker sgn.
Observe also that :
A ⊂ B.
We set :
µ(t) =
∑
j≥0
sgn(λ(θ+εP )j+1)(t+ εP )
j .
Note that :
µ(t) ∈ B0.
We have :
τ(µ(t)) = (t− ζP )µ(t).
Therefore :
τ(ωP (t)µ(t)) = (t− θ)ωP (t)µ(t),
and :
ωP (t)µ(t) ∈ B0.
Lemma 10. µ(t) is transcendental over Frac(A). In particular ωP (t)µ(t) is tran-
scendental over Frac(A).
Proof. Observe that, for all n ≥ 0, we have :
τdn(µ(t)) = P (t)nµ(t).
This easily implies that µ(t) is transcendental over Fq(t). Set A0 = B0 ∩ A, then
we have :
sgn(A0) = Fq[t, 1
P (t)
].
If µ(t) was algebraic over Frac(A), there would exist f(X) ∈ A0[X ] with at least one
coefficient of P -adic valuation zero such that f(µ(t)) = 0. Since sgn(µ(t)) = µ(t)
we would get that µ(t) is algebraic over Fq(t) which is a contradiction. 
Lemma 11.
Let ω(t) =
∑
j≥0 λ(θ+εP )j+1(t + εP )
j ∈ B0. Then we have the following equality in
B0 :
ωP (t)µ(t) = ω(t).
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Proof. First observe that :
τ(ω(t)) = (t− θ)ω(t),
and :
µ(t) = sgn(ω(t)).
Thus by Lemma 5 :
ω(t) = µ(t)(1 + Pf),
for some f ∈ B0. Therefore :
ω(t)
µ(t)
∈ (B0)×.
We have :
τ(
ωP (t)µ(t)
ω(t)
) =
ωP (t)µ(t)
ω(t)
.
Thus :
ωP (t)µ(t)
ω(t)
∈ Fq[[t+ εP ]].
But :
vP (
ωP (t)µ(t)
ω(t)
− 1) > 0.
The Lemma follows. 
Observe that by Lemma 4, ω(t) is the usual Anderson-Thakur function viewed as
an element in B.
Let C† : A→ B0{τ} be the morphism of Fq-algebras given by :
C†θ = (t− ζP )τ + θ.
Then we have the following equality in B0{τ} :
Cθµ(t) = µ(t)C
†
θ .
We set :
logC† =
∑
i≥0
sgn(bi(t))
ℓi
τ i ∈ B{{τ}}.
Then, we have the following equality in B{{τ}} :
logC†C
†
θ = θlogC† ,
and :
(2) µ(t)logC† = logCµ(t).
Now, we extend logC,P : OCP → CP into a morphism of Fq[[t + εP ]]-algebras
logC,P : B0 → CP [[t+ εP ]], by setting :
logC,P (
∑
i≥0
αi(t+ εP )
i) =
∑
i≥0
logC,P (αi)(t+ εP )
i, αi ∈ OCP .
Observe that by Lemma 11, we have :
logC,P (ωP (t)µ(t)) = 0.
Let MA = {x ∈ A, vP (x) > 0}. Observe that :
A0 = {x ∈ A, vP (x) ≥ 0} = Fq[t, 1
P (t)
]⊕MA.
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We notice that logC† converges on MA. We have :
C†P ≡ P (t)τd (mod PAP [t]{τ}).
Thus, if α ∈ Fq, there exists an integer n ≥ 1 such that :
vP (C
†
Pn(α) − P (t)nα) ≥ 1.
Therefore, as in section 3, we set :
logC†,P (α) =
1
Pn − P (t)n logC†(C
†
Pn(α) − P (t)nα) ∈ A.
We obtain a map: logC†,P : A0 → A.
Lemma 12. We have :
logC†,P (ωP (t)) = 0.
In fact, we have :
∀x ∈ A0, µ(t)logC†,P (x) = logC,P (xµ(t)).
Proof. Observe that :
C†θ(ωP (t)) = tωP (t).
By the definition of logC†,P , we have :
logC†,P (ωP (t)) =
1
θ − t logC†,P (C
†
θ(ωP (t))− tωP (t)) = 0.
The second assertion can be proved the same way and is left to the reader. 
Now, we set :
LP (t) =
d−1∏
j=0
τ j(L(Fqd ;
1
t− ζP ; θ − ζP )) ∈ Fqd [t,
1
P (t)
][[P ]].
Observe that Lp(t) is convergent for t ∈ CP \ {ζP , . . . , ζqd−1p }.
Theorem 5.
Set πP =
∏d−1
i=0
∏
j≥1(1 − (θ − ζP )q
dj+i−qi)−1. We have the following equality in
Fqd [t,
1
P (t) ]((P )) :
bd(t)LP (t)
πP
(
1
P
logC†,P (
d∑
k=1
k(P, k)bk(t)ωP (t))) = P (t)LP (t),
where CP =
∑d
k=0(P, k)τ
k, (P, k) ∈ A, k = 0, . . . , d.
Proof. Set :
LogP,z =
∑
a∈A+\PA+
zdega
a
Ca ∈ AP {τ}[[z]],
logC,z =
∑
k≥0
zk
ℓk
τk ∈ K{τ}[[z]].
Here τz = zτ. By Anderson’ s log algebraicity Theorem (see [1]):
logC,z =
∑
a∈A+
zdega
a
Ca.
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Therefore :
LogP,z = logC,z − z
d
P
logC,zCP .
We get in B[[z]] :
(3) LogP,z(ωP (t)µ(t)) = (
∑
a∈A+\PA+
a(t)zdega
a
)(ωP (t)µ(t)).
We have :
d
dz
LogP,z =
d
dz
logC,z − dz
d−1
P
logC,zCP − z
d
P
(
d
dz
logC,z)CP .
Taking z = 1 we get :
d
dz
LogP,z |z=1= d
dz
logC,z |z=1 −dlogC − 1
P
d
dz
logC,z |z=1 CP ∈ K{{τ}}.
But, using the fact that :
logC,zCz,P = PlogC,z,
where if CP =
∑d
k=0(P, k)τ
k, we have :
Cz,P =
d∑
k=0
zk(P, k)τk .
We get :
d
dz
LogP,z |z=1= 1
P
logC((
d∑
k=1
k(P, k)τk)− dlogC ∈ K{{τ}}.
Therefore, evaluating at µ(t)ωP (t) and using (3) and (2), we get :
1
P
logC†,P (
d∑
k=1
k(P, k)bk(t)ωP (t))− dlogC†,P (ωP (t)) = LP (t)ωP (t).
But by Proposition 2 :
LP (t)ωP (t)
πP
=
P (t)
bd(t)
.
We get the result by Lemma 12. 
6.2. The case s ≥ 2. Let t1, . . . , ts, z be s + 1 indeterminates over CP and let
Bs be the set of elements in CP [[t1 + εP , . . . , ts + εP ]] with bounded coefficients
equipped with the usual Gauss P -adic valuation. Let τ : Bs → Bs be the continuous
morphism of Fq[[t1 + εP , . . . , ts + εP ]]-algebras given by :
∀x ∈ Cp, τ(x) = xq.
Let sgn : B0s := {x ∈ Bs, vp(x) ≥ 0} → Fq[[t1 + εP , . . . , ts + εP ]] be the continuous
morphism of Fq[[t1 + εP , . . . , ts + εP ]]-algebras that extends sgn : OCP → Fq. Let
also B00s = kersgn.
Let As ⊂ Bs be the P -adic completion of CP [t1, . . . , ts, 1P (t1)···P (ts) ]. We also set
A0s = {x ∈ As, vP (x) ≥ 0} and A00s = {x ∈ As, vP (x) > 0}. Let φ : A→ As{τ} be
the morphism of Fq-algebras given by :
φθ = (t1 − ζP ) · · · (ts − ζP )τ + θ.
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If s = 1 then φ = C†. Let :
logφ =
∑
i≥0
sgn(bi(t1) · · · bi(ts))
ℓi
τ i ∈ As{{τ}}.
We have in B{{τ}} :
µ(t1) · · ·µ(ts)φθ = Cθµ(t1) · · ·µ(ts),
µ(t1) · · ·µ(ts)logφ = logCµ(t1) · · ·µ(ts),
logφφθ = θlogφ.
As in the previous section let logC,P : B0s → CP [[t1+εP , . . . , ts+εP ]] be the contin-
uous morphism of Fq[[t1+εP , . . . , ts+εP ]]-algebras induced by logC,P : OCP → CP .
Now, observe that logφ converges on A00s and :
φP ≡ P (t1) · · ·P (ts)τd (mod PA0{τ}).
Thus, again as in the previous section, we can extend logφ to a continuous morphism
of Fq[t1, . . . , ts,
1
P (t1)···P (ts)
]-algebras logφ,P : A0s → A. We have :
∀x ∈ A0, µ(t1) · · ·µ(ts)logφ,P (x) = logC,P (xµ(t1) · · ·µ(ts)).
We will follow the proof of Theorem 3. We work in Bs[[z]] where τz = zτ. We have
in Bs[[z]] : ∑
k≥0
∑
a∈A+,k
a(t1) · · · a(ts)
a
zk = logs,zu(t1, . . . , ts; z),
where :
logs,z =
∑
i≥0
bi(t1) · · · bi(ts)zi
ℓi
τ i.
Thus:
∑
k≥0
∑
a∈A+,k
a 6≡0 (mod P )
a(t1) · · · a(ts)
a
zk = (1 − P (t1) · · ·P (ts)z
d
P
)logs,zu(t1, . . . , ts; z).
We multiply the above equality by ω(t1) · · ·ω(ts) ∈ B0, we get :
ω(t1) · · ·ω(ts)
∑
k≥0
∑
a∈A+,k,a 6≡0 (mod P )
a(t1) · · · a(ts)
a
zk
= (1 − P (t1) · · ·P (ts)z
d
P
)logC,zω(t1) · · ·ω(ts)u(t1, . . . , ts; z),
where we recall that logC,z =
∑
i≥0
zi
ℓi
τ i. Observe that :
ω(t1) · · ·ω(ts)u(t1, . . . , ts; z) ∈ µ(t1) · · ·µ(ts)A0s.
Now, we divide by µ(t1) · · ·µ(ts), we have (in A[[z]]):
ωP (t1) · · ·ωP (ts)
∑
k≥0
∑
a∈A+,k,a 6≡0 (mod P )
a(t1) · · ·a(ts)
a
zk
= (1− P (t1) · · ·P (ts)z
d
P
)logφ,zωP (t1) · · ·ωP (ts)u(t1, . . . , ts; z),
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where :
logφ,z =
∑
i≥0
sgn(bi(t1) · · · bi(ts))zi
ℓi
τ i.
Now, as in the proof of Theorem 3, if s 6≡ 1 (mod q − 1), we have :
ωP (t1) · · ·ωP (ts)LP (t1, . . . , ts)
= (1− P (t1) · · ·P (ts)
P
)logφ,P (ωP (t1) · · ·ωP (ts)u(t1, . . . , ts; 1)),
and if s ≡ 1 (mod q − 1), we get :
ωP (t1) · · ·ωP (ts)LP (t1, . . . , ts)
= (1− P (t1) · · ·P (ts)
P
)logφ,P (ωP (t1) · · ·ωP (ts) d
dz
u(t1, . . . , ts; z) |z=1).
Therefore, for s 6≡ 1 (mod q − 1), if we set :
U(t1, . . . , ts) = ωP (t1) · · ·ωP (ts)u(t1, . . . , ts; 1)
∈ Fqd [t1, . . . , ts,
1
P (t1) · · ·P (ts) ][[P ]],
and for s ≡ 1 (q − 1) :
U(t1, . . . , ts) = ωP (t1) · · ·ωP (ts) d
dz
u(t1, . . . , ts; z) |z=1
∈ Fqd [t1, . . . , ts,
1
P (t1) · · ·P (ts) ][[P ]],
We get for s ≥ 2 :
P (t1) · · ·P (ts)LP (t1, . . . , ts)
= bd(t1) · · · bd(ts)LP (t1) · · · LP (ts)
πsP
(1− P (t1) · · ·P (ts)
P
)logφ,P (U(t1, . . . , ts)).
An interesting case is when s ≥ 2, s ≡ 1 (mod qd − 1). Let’s set :
BP (t1, . . . , ts) =
d−1∏
j=0
τ j(B(Fqd ;
1
t1 − ζP , . . . ,
1
ts − ζP ; θ − ζP ))
∈ Fqd [t1, . . . , ts,
1
P (t1) · · ·P (ts) ][θ].
We get in this case :
BP (t1, . . . , ts)LP (t1, . . . , ts)
=
LP (t1, . . . , ts)
πP
(1− P (t1) · · ·P (ts)
P
)logφ,P (U(t1, . . . , ts)),
where :
LP (t1, . . . , ts) =
d−1∏
j=0
τ j(L(Fqd ;
1
t1 − ζP , . . . ,
1
ts − ζP ; θ − ζP )).
7. The case of the place ∞
We are now applying the results in section 6 to get some new functional identities
for L-series introduced in [24].
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7.1. The case s = 1.
Let A∞ be the completion, for the Gauss valuation v∞, of C∞[t, 1t ]. Let B∞ ⊂
C∞[[t+ 1]] be the set of power series with bouded coefficients. Then :
A∞ ⊂ B∞.
Set B0∞ = {x ∈ B∞, v∞(x) ≥ 0} = OC∞ [[t+1]]. Let sgn = sgn∞ : B0∞ → Fq[[t+1]]
be the continuous morphism of Fq[[t+ 1]]-algebras such that:
∀x ∈ C∞, v∞(x − sgn(x)) > 0.
We set :
B00∞ = Kersgn.
Set A0∞ = A∞ ∩ B0∞ and A00∞ = A∞ ∩ B00∞ = {x ∈ A∞, v∞(x) > 0}. Observe that :
A0∞ = Fq[t,
1
t
]⊕A00∞.
Recall that :
ω(t) = λθ
∏
j≥0
(1 − t
θqj
)−1 ∈ A×∞.
Let’s set :
ω∞(t) =
ω(1t )
λθ
∈ (A0∞)×.
We first introduce a new kind of L-series. We set :
L∞(t) =
∑
k≥1
∑
a∈A+,k,a(0) 6=0
k
a(t)
a(1θ )
.
then by Theorem 1, we have :
L∞(t) ∈ A0∞.
And in fact L∞(t) defines an entire function on C∞. Also recall that (see [24]) :
L(t) =
∑
k≥0
∑
a∈A+,k
a(t)
a
∈ (A0∞)×.
Let τ : B∞ → B∞ be the continuous morphism of Fq[[t+ 1]]-algebras given by :
∀x ∈ C∞, τ(x) = xq.
Now, let C† : A→ A∞{τ} be the morphism of Fq-algebras given by :
C†θ = tτ +
1
θ
.
We set :
logC† = 1+
∑
j≥1
tj∏j
k=1(
1
θ − 1θqk )
τ j ∈ A∞{{τ}}.
We have in A∞{{τ}} :
logC†C
†
θ =
1
θ
logC† .
Observe that logC† converges on A00∞. Furthermore, if α ∈ Fqn , n ≥ 1, then :
v∞(C
†
θn(α) − tnα) ≥ 1.
Therefore we set :
logC†,∞(α) =
1
θ−n − tn logC†(C
†
θn(α)− tnα) ∈ A∞.
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Thus, as in section 3, we obtain a continuous morpshism of Fq[t,
1
t ]-modules :
logC†,∞ : A0∞ → A∞.
Observe that :
logC†,∞(ω∞(t)) = 0.
The reader can recognize that we are in the situation of section 6 for the local field
Fq((
1
θ )). Therefore if we apply Theorem 5 (change θ in
1
θ in the formula), we get :
Corollary 1. We have the following equality in Fq[t,
1
t ]((
1
θ )) :
L(
1
t
) logC†,∞((t−
1
θ
)
ω(1t )
λθ
) =
tπ˜
θλθ(θt− 1) L∞(t).
7.2. The case s ≥ 2.
Let s ≥ 2. Let As,∞ be the completion for the Gauss ∞-adic valuation of
C∞[t1, . . . , ts,
1
t1···ts
]. We set :
A0s,∞ = {x ∈ As,∞, v∞(x) ≥ 0},
A00s,∞ = {x ∈ As,∞, v∞(x) > 0}.
Then :
A0s,∞ = Fq[t1, . . . , ts,
1
t1 · · · ts ]⊕A
00
s,∞.
Let τ : As,∞ → As,∞ be the continuous morphism of Fq[t1, . . . , ts, 1t1···ts ]-algebras
such that :
∀x ∈ C∞, τ(x) = xq.
Let φ : A→ As,∞{τ} be the morphism of Fq-algebras such that :
φθ = t1 · · · tsτ + 1
θ
.
Set :
logφ = 1 +
∑
j≥1
tj1 · · · tjs∏j
k=1(
1
θ − 1θqk )
τ j ∈ As,∞{{τ}}.
Then logφ induces a continuous morphism of Fq[t1, . . . , ts,
1
t1···ts
]-modules :
logφ,∞ : A0s,∞ → As,∞.
Let v(t1, . . . , ts; z) ∈ Fq[t1, . . . , ts, z, 1θ ] be the polynomial obtained by formally re-
placing θ by 1θ in the Anderson-Stark unit u(t1, . . . , ts; z) ∈ Fq[t1, . . . , ts, z, θ]. Now,
we set :
F∞(t1, . . . , ts; z) = (
s∏
j=1
ω( 1tj )
λθ
)v(t1, . . . , ts; z) ∈ A0s,∞[z].
We further, set if s 6≡ 1 (mod q − 1) :
U∞(t1, . . . , ts) = F∞(t1, . . . , ts; z) |z=1,
and if s ≡ 1 (mod q − 1) :
U∞(t1, . . . , ts) =
d
dz
F∞(t1, . . . , ts; z) |z=1 .
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Now, we introduce a new kind of L-series. If s ≡ 1 mod q − 1 :
L∞(t1, . . . , ts) =
∑
k≥1
∑
a∈A+,k,a(0) 6=0
k
a(t1) · · ·a(ts)
a(1θ )
∈ A0s,∞,
and if s 6≡ 1 (mod q − 1) :
L∞(t1, . . . , ts) =
∑
k≥0
∑
a∈A+,k,a(0) 6=0
a(t1) · · ·a(ts)
a(1θ )
∈ A0s,∞.
Again, by Theorem 2, L∞(t1, . . . , ts) defines an entire function on Cs∞. The reader
recognize that we are again in the situation of section 6 for the local field Fq((
1
θ )).
Therefore we get :
Corollary 2. We have the following equality in Fq[t1, . . . , ts,
1
t1···ts
]((1θ )) :
(t1 − 1
θ
) · · · (ts − 1
θ
)
λsθθ
sL( 1t1 ) · · ·L( 1ts )
π˜s
(1− θt1 · · · ts)logφ,∞(U∞(t1, . . . , ts))
= t1 · · · tsL∞(t1, . . . , ts).
Now let s ≥ 2, s ≡ 1 (mod q − 1). Set :
B∞(t1, . . . , ts) = B(Fq;
1
t1
, . . . ,
1
ts
;
1
θ
) ∈ Fq[ 1
t1
, . . . ,
1
ts
,
1
θ
].
We get by section 6 :
Corollary 3. We have the following equality in Fq[t1, . . . , ts,
1
t1···ts
]((1θ )) :
λθθL(
1
t1
, . . . , 1ts )
π˜
(1− θt1 · · · ts)logφ,∞(U∞(t1, . . . , ts))
= B∞(t1, . . . , ts)L∞(t1, . . . , ts).
8. Application to class modules
8.1. Background on the s-variable class module.
Let s ≥ 2 be an integer. Let t1, . . . , ts, z be s + 1 variables over C∞ and let
τ : C∞[[t1, . . . , ts, z]] → C∞[[t1, . . . , ts, z]] be the morphism of Fq[[t1, . . . , ts, z]]-
algebras such that :
∀x ∈ C∞, τ(x) = xq.
Let Ts(K∞) be the Tate algebra in the variables t1, . . . , ts with coefficients in K∞,
i.e. Ts(K∞) ⊂ K∞[[t1, . . . , ts]] is the completion of K∞[t1, . . . , ts] for the ∞-adic
Gauss valuation. Let φ : A → Ts(K∞){τ} be the morphism of Fq-algebras given
by :
φθ = (t1 − θ) · · · (ts − θ)τ + θ.
The exponential function associated to φ is :
expφ =
∑
j≥0
bj(t1) · · · bj(ts)
Dj
τ j ∈ Ts(K∞){{τ}}.
It satisfies the functional equation in Ts(K∞){{τ}} :
expφ θ = φθ expφ .
Furthermore expφ converges on Ts(K∞). We set :
Us = {f ∈ Ts(K∞), expφ(f) ∈ A[ts]},
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Hs =
Ts(K∞)
A[ts] + expφ(Ts(K∞))
.
It is proved in [6], Corollary 5.2 and Corollary 5.5, that Us is a free A[ts]-module
of rank one and Hs is a finitely generated and torsion A[ts]-module. Furthermore,
if s ≡ 1 (mod q − 1) (see [6], section 6):
Us =
π˜
ω(t1) · · ·ω(ts)A[ts].
Observe that in this case, any element of Us is an entire function in Es(K∞) (see
section 1). In fact, we have :
Proposition 6.
Us ⊂ Es(K∞).
Proof. Recall that by [6], Theorem 5.11, L(t1, . . . , ts) ∈ Us and UsL(t1,...,ts)A[ts] is a
finitely generated and torsion A[ts]-module. Note also that, since L(t1, . . . , ts) ∈
Ts(K∞)
×, UsL(t1,...,ts)A[ts]
is a free and finitely generated Fq[ts]-module (see also [6],
Remark 5.17). Therefore there exists Fs ∈ A[ts]\{0} which is monic as a polynomial
in θ such that :
FittA[ts]
Us
L(t1, . . . , ts)A[ts]
= FsA[ts],
where FittA[ts]M denotes the Fitting ideal of an A[ts]-module M. Since we have
L(t1, . . . , ts) ∈ Es(K∞), the Proposition follows from Proposition 1 and Lemma
3. 
Let :
expφ,z =
∑
j≥0
zjbj(t1) · · · bj(ts)
Dj
τ j ∈ Ts(K∞)[z]{{τ}}.
We have :
(4) expφ,z θ = (z(t1 − θ) · · · (ts − θ)τ + θ) expφ,z .
By [6], Corollary 5.12 :
expφ,z(L(t1, . . . , ts; z)) = u(t1, . . . , ts; z),
where we recall that:
L(t1, . . . , ts; z) =
∑
k≥0
∑
A∈A+,k
a(t1) · · · a(ts)
a
zk,
and u(t1, . . . , ts; z) ∈ A[t1, . . . , ts, z]. If s 6≡ 1 (mod q − 1), we set :
us = u(t1, . . . , ts; 1) ∈ A[ts],
and if s ≡ 1 (mod q − 1) :
us =
d
dz
u(t1, . . . , ts; z) |z=1∈ A[ts].
Lemma 13. Set R = Fq(t1, . . . , ts)[θ], we extend φ to a morphism of Fq(t1, . . . , ts)-
algebras φ : R→ R{τ}. Then us is not a torsion point for φ.
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Proof. Assume the contrary and let’s suppose that there exists c ∈ R\{0} such that:
φc(us) = 0. Let ζ1, . . . , ζs ∈ Fq such that the evaluation of c at ti = ζi, i = 1, . . . , s,
is well-defined and non-zero, and let d ∈ Fq(ζ1, . . . , ζs)[θ] \ {0} be this evaluation.
Set :
a = NFq(ζ1,...,ζs)(θ)/K(d) ∈ A \ {0},
where: NFq(ζ1,...,ζs)(θ)/K : Fq(ζ1, . . . , ζs)(θ) → K is the norm map. Let χ be the
Dirichlet character of conductor f associated to ζ1, . . . , ζs (see section 1). Let σ =
τ⊗1 onA[λf ]⊗FqFq(ζ1, . . . , ζs). Now, let C˜ : Fq(ζ1, . . . , ζs)[θ]→ Fq(ζ1, . . . , ζs)[θ]{σ}
be the morphism of Fq(ζ1, . . . , ζs)-algebras such that :
C˜θ = σ + θ.
Then :
C˜a(g(χ)us |ti=ζi,i=1,...,s) = 0.
We get (see section 4), if s 6≡ 1 (mod q − 1) :
Ca(u[χ](1)) = 0,
and if s ≡ 1 (mod q − 1) :
Ca(u
(1)
[χ] ) = 0,
which is a contradiction by the results in section 4. 
8.2. Pseudo-cyclicity.
Now let s ≥ 2, s ≡ 1 (mod q − 1). We set :
exp
(1)
φ =
∑
j≥1
j
bj(t1) · · · bj(ts)
Dj
τ j ∈ Ts(K∞){{τ}}.
Observe that exp
(1)
φ converges on Ts(K∞). Furthermore, if we take the derivative
of formula (4) with respect to z and evaluate at z = 1, we get :
exp
(1)
φ θ = (t1 − θ) · · · (ts − θ)τ expφ+φθ exp(1)φ .
Proposition 7. The map induced by exp
(1)
φ :
exp
(1)
φ : Us →
Ts(K∞)
expφ(Ts(K∞))
,
is an injective morphism of A-modules.
Proof. We have :
exp
(1)
φ (L(t1, . . . , ts)) ≡ us (mod expφ(Ts(K∞))).
Furthermore, if a ∈ A, we have :
exp
(1)
φ (L(t1, . . . , ts)a) ≡ φa(us) (mod expφ(Ts(K∞))).
Since s ≥ 2, s ≡ 1 (mod q − 1), we have by [6], proof of Proposition 7.2 :
A[ts] ∩ expφ(Ts(K∞)) = {0}.
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Therefore, for a ∈ A[ts], we get that exp(1)φ (L(t1, . . . , ts)a) ≡ 0 mod expφ(Ts(K∞))
if and only if φa(us) = 0. But , by Lemma 13, we have that φa(us) = 0 if and only
if a = 0. We deduce that the map induced by exp
(1)
φ :
L(t1, . . . , ts)A[ts]→
Ts(K∞)
expφ(Ts(K∞))
,
is an injective morphism of A-modules. Since there exists Fs ∈ A[ts] which is monic
as a polynomial in θ such that:
Us =
1
Fs
L(t1, . . . , ts)A[ts],
and since :
expφ,z(
1
Fs
L(t1, . . . , ts; z)) |z=1= 0,
we deduce easily the assertion of the Proposition. 
Lemma 14.
We have:
exp
(1)
φ (
π˜
ω(t1) · · ·ω(ts) ) ≡
(−1) s−qq−1
θ
s−q
q−1
(mod expφ(Ts(K∞))).
Proof.
By [6], proof of Proposition 7.2, we have:
expφ(Ts(K∞)) = {x ∈ Ts(K∞), v∞(x) >
s− q
q − 1}.
Now observe that :
v∞(
π˜
ω(t1) · · ·ω(ts) +
(−1) s−qq−1
θ
s−q
q−1
) >
s− q
q − 1 .
For i ≥ 2 :
v∞(
bi(t1) · · · bi(ts)τ i( π˜ω(t1)···ω(ts) )
Di
) >
s− q
q − 1 .
Furthermore, recall that τ(ω(ti)) = (ti − θ)ω(ti). Finally, observe that :
v∞(
π˜q
(θq − θ)ω(t1) · · ·ω(ts) −
(−1) s−qq−1
θ
s−q
q−1
) >
s− q
q − 1 .

Lemma 15. Let a ∈ A[ts] \ {0}, a monic as a polynomial in θ. If φa( (−1)
s−q
q−1
θ
s−q
q−1
) ∈
A[ts] + expφ(Ts(K∞)) then degθ(a) ≥ s−qq−1 .
Proof. Observe that if 1 ≤ ℓ ≤ s−qq−1 , we have :
φθ(
1
θℓ
) |ti=0,i=1,...,s≡
1
θℓ−1
(mod
1
θℓ−2
A).
Write a = θr +
∑r−1
i=0 aiθ
i, ai ∈ Fq[ts]. Set b = a |tj=0,j=1,···s . Let ψ : A → A{τ}
be the Drinfeld module of rank one given by ψθ = (−1)sθsτ + θ. Observe that:
expψ(K∞) = {x ∈ K∞, v∞(x) >
s− q
q − 1}.
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Since φa(
1
θ
s−q
q−1
) ∈ A[ts] + expφ(Ts(K∞)), we have :
ψb(
1
θ
s−q
q−1
) ∈ A+ expψ(K∞).
Therefore, we get by induction on i :
∀i ∈ {0, . . . , r − 1}, ai |tj=0,j=1,··· ,s= 0.
Thus :
φθr(
1
θ
s−q
q−1
) |tj=0,j=1,··· ,s∈ A+ expψ(K∞).
This implies that r ≥ s−qq−1 . 
We can answer to [6], question 9.9, when s ≡ 1 (mod q − 1) :
Theorem 6.
Let s ≥ 2, s ≡ 1 (mod q−1), then Hs⊗Fq[ts]Fq(ts) is a cyclic R = Fq(ts)[θ]-module.
Proof. Let K be the completion of Fq(ts)(θ) for the ∞-adic Gauss valuation v∞ on
Fq(ts)(θ). Let τ : K → K be the continuous morphism of Fq(ts)-algebras given by
τ(θ) = θq. Recall that φ : R → R{τ} is the morphism of Fq(ts)-algebras such that
φθ = (t1 − θ) · · · (ts − θ)τ + θ. If S ⊂ K, we denote by Fq(ts)S the Fq(ts)-vector
space generated by S. Since Fq(ts)Ts(K∞) is dense in K, we have ([6], Proposition
5.4):
{x ∈ K, expφ(x) ∈ R} = Fq(ts)Us,
and the map Hs → KR+expφ(K) (which is injective) induces an isomorphism of R-
modules ([6], section 5.4.1):
Hs ⊗Fq[ts] Fq(ts) ≃
K
R+ expφ(K)
.
Recall that Hs is a free Fq[ts]-module of rank
s−q
q−1 ([6], Proposition 7.2 ). Let
Fs ∈ A[ts] be the monic polynomial in θ of degree s−qq−1 such that :
FittA[ts]Hs = FsA[ts].
By the class number formula ([6], Theorem 5.11):
Us =
1
Fs
L(t1, · · · , ts)A[ts].
Note that:
expφ(K) = {x ∈ K, v∞(x) >
s− q
q − 1}.
Observe that expφ(K)∩Fq(ts)Ts(K∞) = expφ(Fq(ts)Ts(K∞)), thus, by Proposition
7, the map exp
(1)
φ induces an injective morphism of R-modules:
Fq(ts)Us →
K
expφ(K)
.
Set:
V = {x ∈ Fq(ts)Us, exp(1)φ (x) ∈ R+ expφ(K)}.
Then :
L(t1, · · · , ts)R ⊂ V.
38 BRUNO ANGLE`S AND FLORIC TAVARES RIBEIRO
Observe that V is a free module of rank one and that the monic generator G ∈ R
of the Fitting ideal FittR
Fq(ts)Us
V divides Fs. Thus G ∈ A[ts]. This implies that:
exp
(1)
φ (
Gπ˜
ω(t1) · · ·ω(ts) ) ∈ R+ expφ(K).
But exp
(1)
φ (
Gπ˜
ω(t1)···ω(ts)
) ∈ Ts(K∞), and
(R+ expφ(K)) ∩ Ts(K∞) = A[ts] + expφ(Ts(K∞)).
Thus, by Lemma 14:
φG(
(−1) s−qq−1
θ
s−q
q−1
) ∈ A[ts] + expφ(Ts(K∞)).
Therefore by Lemma 15, we get that degθG ≥ s−qq−1 , and since G divides Fs, we get
G = Fs, i.e.:
V = L(t1, · · · , ts)R.
This implies that exp
(1)
φ induces an injective morphism of R-modules:
Fq(ts)Us
L(t1, · · · , ts)R →
K
R+ expφ(K)
.
But the two Fq(ts)-vector spaces above have the same dimension, therefore the
above map is an isomorphism of R-modules and in particular KR+expφ(K)
is a cyclic
R-module. 
Corollary 4. The function exp
(1)
φ induces an injective morphism of A-modules :
Us
L(t1, . . . , ts)A[ts]
→ Hs,
and its cokernel is a finitely generated and torsion Fq[ts]-modules.
Proof. Let f ∈ Ts(K∞) such that f ∈ R+expφ(K). Then there exists a ∈ A[ts]\{0}
such that :
af ∈ A[ts] + expφ(K).
But since expφ(K) ∩ Ts(K∞)) = expφ(Ts(K∞), we get:
af ∈ A[ts] + expφ(Ts(K∞)).
Since s ≡ 1 (mod q − 1), Hs is a free Fq[ts]-module ([6], Proposition 7.2), we get:
f ∈ A[ts] + expφ(Ts(K∞)).
Therefore we have an injective morphism of A-modules induced by the inclusion
Ts(K∞) ⊂ K :
Hs → K
R+ expφ(K)
.
Furthermore the inclusion Us ⊂ Fq(ts)Us induces an injective morphism of A-
modules :
Us
L(t1, . . . , ts)A[ts]
→ Fq(ts)Us
L(t1, . . . , ts)R
.
The Corollary is a consequence of the proof of Theorem 6. 
A SPIEGELUNGSSATZ FOR FUNCTION FIELD L-SERIES 39
8.3. The case of Taelman’s class modules.
Let χ be a Dirichlet character of conductor f and type s ≥ 2. Recall that there
exists ζ1(χ), . . . , ζs(χ) ∈ Fq such that :
σ(g(χ)) = (ζ1(χ)− θ) · · · (ζs(χ)− θ)g(χ),
where σ = τ ⊗ 1 on A[λf ]⊗Fq Fq(ζ1(χ), . . . , ζs(χ)). A property is said to be true for
almost all Dirichlet characters χ of type s if there exists F (t1, . . . , ts) ∈ A[ts] \ {0}
such that the property is true for every character χ such that F (ζ1(χ), . . . , ζs(χ)) 6=
0 (see [6], section 9).
Let χ be a Dirichlet character of type s ≥ 2 and conductor f. Set :
eχ =
1
| ∆f |
∑
µ∈∆f
χ(µ)µ−1 ∈ Fq(ζ1(χ), . . . , ζs(χ))[∆f ].
The χ-isotypic component of Taelman’s class module associated to the Carlitz mod-
ule and the field K(λf ) is defined by (see also [6], section 9):
Hχ = eχ(
K(λf )⊗K K∞
A[λf ] + expC(K(λf )⊗K K∞)
⊗Fq Fq(ζ1(χ), . . . , ζs(χ))).
Observe that Hχ is a finitely generated and torsion A[ζ1(χ), . . . , ζs(χ)]-module.
Theorem 7.
Let s be an integer, s ≥ 2, s ≡ 1 (mod q − 1). Then for almost all Dirichlet
characters χ of type s, Hχ is a cyclic A[ζ1(χ), . . . , ζs(χ)]-module and generated as
a A[ζ1(χ), . . . , ζs(χ)]-module by :
g(χ)
θ
s−q
q−1
.
Proof. Let M be the sub-A-module of Hs generated by
1
θ
s−q
q−1
. Then by Corollary
4 and Lemma 14, the A[ts]-module
Hs
M is a finitely generated and torsion Fq[ts]-
module. Let F (t1, . . . , ts) ∈ A[ts] \ {0} such that F (t1, . . . , ts)HsM = {0}. Now, let χ
be a Dirichlet character of type s and conductor f such that F (ζ1(χ), . . . , ζs(χ)) 6=
0. Let evχ : Ts(K∞) → K∞(ζ1(χ), . . . , ζs(χ)), f(t1, . . . , ts) 7→ f(ζ1(χ), . . . , ζs(χ)).
By [6], Lemma 9.1 and Proposition 9.2, evχ induces a surjective morphism of A-
modules:
ψ : Hs → Hχ.
This morphism is induced by the map:
Ts(K∞)→ g(χ)K∞(ζ1(χ), . . . , ζs(χ))
f 7→ g(χ)evχ(f),
where by [6], section 9, eχ((K(λf ) ⊗Fq K∞) ⊗Fq Fq(ζ1(χ), . . . , ζs(χ))) is identified
with g(χ)K∞(ζ1(χ), . . . , ζs(χ)). But, by the choice of χ, ψ induces a surjective
morphism of A-modules :
M → Hχ.
The Theorem follows. 
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8.4. Pseudo-nullity.
Let s ≥ 2 and set :
Ms = {φa(us), a ∈ A[ts]},√
Ms = {b ∈ A[ts], ∃a ∈ A[ts] \ {0}, φa(b) ∈Ms}.
Proposition 8.
Let s ≥ 2, s 6≡ 1 (mod q − 1). Then √Ms = expφ(Us). Furtermore Hs is a torsion
Fq[ts]-module if and only if
√Ms =Ms.
Proof. Recall that, since s 6≡ 1 (mod q− 1), expφ : Ts(K∞)→ Ts(K∞) is injective
(see [6], Remark 6.3). Since Ms ⊂ expφ(Ts(K∞)), we get
√Ms ⊂ expφ(Ts(K∞)),
and therefore
√Ms = expφ(Us). Thus, expφ induces an isomorphism of A-modules:
Us
L(t1, . . . , ts)A[ts]
≃
√Ms
Ms .
The Proposition is then a consequence of [6], Remark 9.13. 
A natural question is wether or not Hs is a torsion Fq[ts]-module when s 6≡ 1
(mod q − 1) (see [6], Question 9.10). First, we observe the following :
Proposition 9. Let s ≥ 2, s ≡ 1 (mod q − 1). We have:√
Ms =Ms.
Proof. We keep the notation used in the proof of Theorem 6. For simplicity set
N = expφ(K) = {x ∈ K, v∞(x) > s−qq−1} = expφ(N ), and set E = KN viewed as an
R-module via φ. Set Us = Fq(ts)Us = {x ∈ K, expφ(x) ∈ R}. Then exp(1)φ induces
an injective morphism of A-modules : Us → E. Recall that we have the following
equality in E :
exp
(1)
φ (L(t1, . . . , ts)) = us.
Also note that:
K = Us ⊕N .
Let x ∈ K and let c ∈ R \ Fq(ts) such that φc(x) = 0 in E. Then there exists y ∈ K
such that φc(x) = expφ(y). But this implies that (see [6], proof of Corollary 6.5) :
x ∈ expφ(
y
c
) + expφ(
1
c
Us).
We get x = 0 in E. Therefore, for c ∈ R \ {0}, φc : E → E is an injective morphism
of A-modules.
Now let b ∈ √Ms \ {0}, then there exists a, c ∈ A[ts] \ {0}, such that:
φa(b) = φc(us).
By the above discussion, we get in E :
b = exp
(1)
φ (
cL(t1, . . . , ts)
a
).
Write c = da+ r with d, r ∈ A[ts] and degθ(r) < degθ(a), and observe that :
cL(t1, . . . , ts)
a
= dL(t1, . . . , ts) +
rL(t1, . . . , ts)
a
∈ K = Us ⊕N .
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Thus, since exp
(1)
φ (N ) ⊂ N , by the proof of Theorem 6:
rL(t1, . . . , ts)
a
∈ L(t1, . . . , ts)R ⊕N .
Since degθ(r) < degθ(a),
rL(t1,...,ts)
a ∈ N , thus, using exp(1)φ (N ) ⊂ N , we get in E :
b = exp
(1)
φ (dL(t1, . . . , ts)) = φd(us)
Since b, us ∈ A[ts], this implies the equality in K : b = φd(us), i.e. b ∈ Ms. 
Theorem 8. Let s ≥ 2, then: √
Ms =Ms.
Proof. We will use a similar argument as that used in the proof of Lemma 15. We
can assume that s 6≡ 1 (mod q − 1) and let r ∈ {2, . . . , q − 1} such that s ≡ r
(mod q − 1). We assume s > r, the case s = r being obvious. Set :
N = {x ∈ Ts(K∞), v∞(x) ≥ s− r
q − 1}.
Then, since s−rq−1 >
s−q
q−1 , we have :
N = expφ(N) ⊂ expφ(Ts(K∞)).
Observe that:
Ts(K∞) =
1
θ
s−r
q−1−1
A[ts]⊕N.
Set :
E =
Ts(K∞)
A[ts] +N
.
Observe that E is a free and finitely generated Fq[ts]-module of rank
s−r
q−1 − 1. By
Proposition 8, in order to prove the Theorem, it is enough to prove that there exists
λ ∈ Ts(K∞), v∞(λ) = 0, such that if we write in E :
k ∈ {1, . . . , s− r
q − 1 − 1}, expφ(θ
−kλ) =
s−r
q−1−1∑
j=1
βj,k(λ)θ
−j , βj,k(λ) ∈ Fq[ts],
then det((βj,k(λ))j,k) ∈ Fq[ts] \ {0}.
Let ψ : A→ Ts(K∞){τ} be the morphism of Fq-algebras given by :
ψθ = (t1 − θ) · · · (tr − θ)τ + θ.
Let expψ = 1 +
∑
j≥1
bj(t1)···bj(tr)
Dj
τ j . Recall that (Lemma 9):
expψ(L(t1, . . . , tr)) = 1.
Set:
η =
1
ω(tr+1) · · ·ω(ts) ∈ Ts(K∞)
×.
Observe that v∞(η) =
s−r
q−1 . We have :
∀x ∈ Ts(K∞), expφ(ηx) = η expψ(x).
Thus, for k ≥ 0 :
expφ(θ
kL(t1, . . . , tr)η) = ηψθk(1).
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Now, observe that :
expφ(θ
kL(t1, . . . , tr)η) |t1=0,...,ts=0∈ (−θ)
s−r
q−1 θk + (−θ)k+1− s−rq−1A.
Now, if we set λ = θ−
s−r
q−1L(t1, . . . , tr)η, λ ∈ Ts(K∞), v∞(λ) = 0, and (see the proof
of Lemma 15):
det((βj,k(λ))j,k) |t1=0,...,ts=0 6= 0.

We deduce from the above Theorem by a similar argument as that of the proof of
Theorem 7:
Corollary 5.
Let s be an integer, s ≥ 2, s 6≡ 1 (mod q − 1). Then for almost all Dirichlet
characters χ of type s, Hχ = {0}.
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